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PREFACE.

AvrtHoueH Algebra naturally follows Arithmetic in a
course of scientific studies, yet the change from num-
bers to a system of reasoning entirely conducted by
Jetters and signs is rather abrupt and not unfrequently
discourages and disgusts the pupil.

In the FirsT LgEssons it has been the intention to
form a connecting link between Arithmetic and Algebra,
to unite and blend, as far as possible, the reasoning on

numbers with the more abstruse method of analysis.

The Algebra of M. Bourdon has been closely fol-
lowed. Indeed, it has been a part of the plan, to furnish
an introduction to that admirable treatise, which is justly

-considered, both in Europe and this country, as the best
work on the subject of which it treats, that has yet

appeared.
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This work, however, even in its abridged form, is too
voluminous for schools, and the reasoning is too elaborate
and metaphysical for beginners.

It has been thought that a work which should so far
modify the system of Bourdon as to bring it within the
scope of our common schools, by giving to it a more
practica: and tangible form, could not fail to be useful.
Such is the object of the First LEssons. It is hoped
they may advance the cause of education, and prove
a useful introduction te a full course of mathematical
studies.

HarTrorp, September, 183%
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FIRST LESSONS

IN

ALGEBRA.

CHAPTER 1.

Preliminary Definitions and Remarks.

1. QuanTITY i8 2 general term embracing every thing
which can be increased or diminished.

2. MatHEMATICS is the science of quantity.

.

3. ALGEBRA is that branch of mathematics in which the
quantities considered are represented by letters, and the ope-
rations to be performed upon them are indicated by signs.
These letters and signs are called symbols.

4. The sign +, is called plus ; and indicates the addition
of two or more quantities. ‘Thus, 94-5, is read, 9 plus 5,
or 9 augmented by 5.

If we represent the number nine, by the letter 4, and
the number 5 by the letter b, we shall have a5, which is
read, a plus b ; and denotes that the number represented by
a is to be added to the number represented by 5.

5. The sign—, is called minus; and indicates that one

Quest.—1. What is quantity? 2. What is Mathematics? 8. What
is Algebra? What are these letters and signs called? 4. What does the
sign plus indicate? 5§, What does the sign minus indicate ?
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quantity is to be subtracted from another. Thus, 9—5 is |

read, 9 minus 5, or 9 diminished by 5.

In like manner, a—b, is read, a minus , or a diminished
by b&. :

6. The sign X, is called the sign of multiplication ; and
when placed between two quantities, it denotes that they
are to be multiplied together. The multiplication of two
quantities is also frequently indicated by simply placing a
point between them. Thus, 36 x 25, or 36.25, is read, 36
multiplied by 25, or the product 36 by 25. '

7. The multiplication of quantities, which are represented
by letters, is indicated by simply writing them -one after the
other, without interposing any sign.

Thus, ab signifies the same thing as axd, or as a.b;
and abc the same as ax bXc, or as ab.ec. Thus, if we
suppose a=236, and 5=25, we have ‘

. ab=36 X 25=900.
Again, if we suppose ¢=2, =3 and c=4, we have
' abe=2 X3 X 4=24.
It is most convenient to arrange the letters of a product

in alphabetical order.

8. In the product of several letters, as abc, the single let-
ters, a, b, and ¢, are called factors of the product. Thus,
in the product @b, there are two factors, a and 5; in the
product abe, there are three, a, b, and c.

Quest.—6. What is the sign of multiplication? What does the sign
of multiplication indicate? In how many ways may multiplication be
expressed ! 7. If letters only are used, how may their multiplication be
expressed? 8. In the product of several letters, what is each letter
called? How many factors in ab ?*—In abc ?—In abdcd 2—In abedf?
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9. There are three signs used to denote division. Thus,

a--b denotes that « is to be divided by 5.
% denotes that a is to be divided by 5.
a5 denotes that a is to be divided by b.

10. The sign =, is called the sign of eguality, and is
read, is equal to. When placed between two quantities, it
denotes that they are equal to each other. Thus, 9—5=4:
that is, 9 minus 5 is equal to 4: Also, a+b=c, denotes that
the sum of the quantities a and b is equal to c.

If we suppose a=10, and 5=>5, we have

a+b=c, and 1045=c=15.

11. The sign >, is called the sign of inequality, and is
used to express that one quantity is greater or less than
another. T

Thus, ¢> 5 is read, a greater than 4; and a<<b is
read, a less than b ; that is, the opening of the sign is turned
towards the greater quantity. Thus, if a=9, and =4, we
write, 9>4.

¥

12. If a quantity is added to itself several times as
a+a+a+a+a+a, we generally write it but once, and
then place a number before it to show how many times it
is taken. Thus,

a+a+a+a+ta=>5a.

Quest.—9. How many signs are used in division? What are they?
10. What is the sign equality! When placed between two quantities,
what does it indicate? 11. For what is the sign of inequality used ?
‘Which quantity is placed on the side of the opening? 12. What is a co-
efficient ! How many times is ab taken in the expression ab? In 3ab?
In4ab? In 5ab? In 8ab? If no co-efficient is written, what co-efficient
is undarstood ?
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The number 5 is called the co-efficient of a, and denotes
that ¢ is taken 5 times,

When the co-cfficient is 1 it is generally omitted. Thus,
a and la are the same, each being equal to 4, or to one a.

13. If a quantity be multiplied continually by itself, as
aXaXaXaXa, we generally express the product by writing
the letter once, and placing a number to the right of, and a
little above it: thus,

axaxXaxaXa=ad.

The number 5 is called the exponent of a, and dehotes
the number of times which a enters into the product as a
factor. For example, if we have 43, and suppose ¢=3,
we write,

ad—=axaXa=33=3x3x3=27.
If a=4, a?=43=4 x4 xX4=64,
and for a=5, a3=53=5x5%x5=125.

If the exponent is 1 it is generally omitted. Thus, a! is
the same as a, each expressing a to the first power.

14. The power of a quantity is the product which results
from multiplying the quantity by itself. Thus, in the example
ad=43=4 x4 x4=064,

64 is the third power of 4, and the exponent 3 shows the
degree of the power.

“15. The sign v~ , is called the radical sign, a.nd when

QuEest.—13. What does the exponent of a letter show? How many
times is @ a factorin @2? Ina3?! Inat?! Inas? If no exponent is
written, what exponent is understood? 14. What is the power of a
quantity?  What is the third power of 27 Express the 4th power of a.
16. Exptess the square root of a quantity. Also the cube root. Also
the 4th root.
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prefixed to & quantity, indicates that its root is to be ex-
tracted. Thus,

4/a or simply v/a denotes the square root of a.
V/a denotes the cube root of a.
+/a denotes the fourth root of a.

The number placed over the radical sign is called the in-
dezx of the root. Thus, 2 is the index of the square root, 3
of the cube root, 4 of the fourth root, &c.

If we suppose a=64, we have

x/.g4_=8, m:&

16. Every quantity written in algebraic language, that
is, with the aid of letters and signs, is called an algebraic
guantity, or the algebraic expression of a quantity. Thus,

3a { is the algebraic expression of three times
the number a ;
5a2 { is the algebraic expression of five times
the square of a;
is the algebraic expression of seven times
7a%h? { the product of the cube of aby the square
of b;
3a—5b { is the algebraic expression of the difference
between three times ¢ and five times b ;
is the algebraic expression of twice the
square of a, diminished by three times
the product of a by b, augmented by four
times the square of &.

2a3—3ab+4-452

1. Write three times the square of & multiplied by the
cube of 5. Ans. 3a?b3,

QuesT.—16. What is an algebraie quantity?! Is 6ab an algebraic
quantity! Is9a?! Is4y? 11836 q v
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2. Write nine times the cube of a multiplied by 5, dimm-
ished by the square of ¢ multiplied by d. Ans. 9a%b—c?d.

3. If a=2, b=3, and ¢=5, what will be the value of
3a? multiplied by 42 diminished by a multiplied by & multi-
plied by ¢. We have

3a?b?—abc=3 X 22 X 322 X 3 X 5="78.
4. If a=4, =6, ¢c=7, d=8, what is the value of

9a*+bec—ad ? Ans. 1564.
5. If =7, b=3, ¢=7, d=1, what is the value of
6ad4-3b%c—4d2? . Ans. 227.
6. If a=5, b=6, ¢=6, d=5, what is the value of
9abc—8ad+44be? Ans. 1564.

7. Write ten times the square of «into the cube of b into
¢ square into d.

17. When an algebraic quantity is not connected with
any other, by the sign of addition or subtraction, it is called
a monomial, or a quantity composed of a single term, or sim-
ply, a term. Thus,

3a, 54, 7a%?,

are.monomials, or single terms.

18. An algebraic expression composed of two or more
patts, separated by the sign + or —, is called a polynomial,
or quantity involving two or more terms. For example,

3a—5b and 2a%2—3cb44H
are polynomials.

19. A polynomial composed of two terms, is called a bi-
nomial ; and a polynomial of three terms is called a trinomial.

Quzst.—17. Whatis a monomial?! Is 8z} amonomial? 18. What
is & polynomial? Is 8¢—b a polynomial? 19. What is a binomial?
‘What is a trinomial {
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20. Each of the literal factors which compose a term is
called a dimension of this term: and the degree of a term is
the number of these factors or dimensions. Thus,

3a z is a term of one dimension, or of the first
degree.
5a { is a term of two dimensions, or of the
second degree.
is of six dimensions, or of the sixth
degree.

21. A polynomial is said to be homogeneous, when all
its terms are of the same degree. The polynomial

3a—2b+c is of the first degree and homogeneous.
—4ab4-b2 is of the second degree and homogeneous.
5a%— 4c*+2¢%d  is of the third degree and homogeneous L
8a3+44ab+c¢ is not homogeneous. o

22. A vinculum or bar , or a parenthesis (),
is used to express that all the terms of a polynomial ere to
be considered together. Thus,

atb+exb, or (a+b+c)xd,
denotes that the trinomial a+b+-¢ is to be multiplied by & ;
also, ‘aFd+cxc+d+f; or (a+b+¢)x(c+d+f),
denotes that the trinomial a+-b-c¢ is to be multiplied by
the trinomial c+d-+-f.

When the parenthesis is used, the sign of multiplication
is usually omitted. Thus,

(a+b4-c)xb is the same as (a-+b+c)b.

7a3bc® ="Taaabec {

)
~

QuesT.—20. What is the dimension of a term? What is the degree
of a term? How many factors in 3abc? Which are they? What
is its degree? 21. When is a polynomial homogeneous ? Is the polyno-
mial 2236434302 homogeneous? Is 2a1b—0bst. 82. For what in the
vinculum or bar used? Can you express the same with the parenthesis ¢
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23. The terms of a polygomial which are composed of
the same letters, the same letters in each being affected
with like exponents, are called similar terms.

Thaus, in the polynomial

7ab+-3ab—4a3b2+4 5a3b?,
the terms 7ab, and 3ab, are similar: and so also are the
terms —4a%? and 5a%?, the letters and exponents in both
being the same. But in the binomial 84264 74b?, the
terms are not similar; for, although they are composed of
the same letters, yet the same letters are not affected with
like exponents.

24. When an algebraic expression contains similar
terms, it may be reduced to a simpler form.

1. Take the expression 3ab+2ab, which is evidently
equal to 5ab. ‘

2. Reduce the expression 3ac+9ac+2ac to its simplest

form. - Ans. 14ac.

3. Reduce the expression abc+4abc+5abe to its sim-
plest form.

In adding similar terms together we abe
take the sum of the coefficients and 4abec
annex the literal part. The first term, _Sabe
abe, has a coefficient 1 understood, 10abe
(Art. 12).

P

25. Of the different terms which compose & polynomial,
some are preceded by the sign -, and the others by the
sign —, The first are called additive terms, the others,
subtractive terms.

QuesT.—28. What are similar terms of a polynomial? Are Sa2a
and 6asls similar? Are 2a2b2 and 2a3*?! 24, If the terms are positive
and similar, may they be reduced to a simplerform? In what way?
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The first term of a polynomial is commonly not preceded
by any sign, but then it is understood to be affected with the
sign +.

1. John has 20 apples and gives 5 to William: how
many has he left?

Now, let us represent the number of apples which John
has by a, and the number given away by 4 : the number he
would have left would then be represented by a—b.

2. A merchant goes into trade with a certain sum of
money, say & dollars; at the end of a certain time he has
gained b dollars : how much will he then have ?

, Ans. a+b dollars.

If instead of gaining he had lost & dollars, how much
would he have had ? Ans. a—b dollars.

Now, if the losses exceed the amount with which he
began business, that is, if 5 were greater than @, we must
prefix the minus sign to the remainder to show that the
quantity to be subtracted was the greatest.

Thus, if he commenced business with $2000, and lost
$3000, the true difference would be —1000: that is, the
subtractive quantity exceeds the additive by $1000.

3. Let a merchant call the debts' due him additive, and
the debts he owes subtractive. Now, if he has due him
$600 from one man, $800 from another, $300 from another,
and owes $500 to one, $200°to a second, and $50 to a
third, how will the account stand ? Ans. $950 due him.

4. Reduce to its simplest form the expression

3a2b -+ 5a2b — 3a2b + 4a2b —6a2b —a%b,

Quust.—28. What are the terms called which are preceded by the
sign +7 What are the terms called which are preceded by the sign —.
If no sign is prefixed to a term, what sign is understood ? If some of the
terms are additive and some subtractive, may they be reduced if similar ?
Give the rule for reducing them. Does the reduction affect the expo-
nents, or only the coefficients ?

- o*
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Addstive terms. Subtractive terms.

+ 3a% — 3a%

+ 5a% — 6a2b

+ 4a% — a%

Sum +4-12a2b Sum —10a2b.
But, 124a2b—10a%b=242b.

Hence, for the reduction of the similar terms of a polyno-

mial we have the following
. RULE.

1. Form a single additive term of all the terms preceded by
the sign plus ; this is done by adding together the coefficients
of those terms, and annexing to their sum the literal part.

II. Form, in the same manner, a single subtractive term.

I1I. Subtract the less sum from the greater, and prefiz to
the result the sign of the greater.

Remark.—TIt should be observed that the reduction affects
only coeflicients, and not the exponents.
 EXAMPLES.
1. Reduce to its simplest form the polynomial
+ 2a3bc? — 4a3bc?+ 6abc® —8a%bc2+ 11a3be2.

Find the sum of the additive and subtractive terms sepa-
rately, and take their difference : thus,

Additive terms. Subtractive terms.
+ 2a3bc? — 4a3bc?
4 6a3bc? — 8a3bc?
+11a3bc? Sum —124a3bc2

m -+ 19a3bc?

1ce, the given polynomial reduces to
19a3b¢2 — 12a%bc? =7ad%c3,
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2. Reduce the polynomial 4426—8a%b—9a?b+411a%b to

it3 simplest form. Ans. —2a?b.
3. Reduce the polynomial 7abc?— abe?—7abc®-+ 8abc?
+6abc? to its simplest form. Ans.  13abc2.
4. Reduce the polynomial 9cb3—8ac2+ 15¢b3+ 8ca + Yac?
—24¢b? to its simplest form. Ans. ac®+8ca.

The reduction of similar terms is an operation peculiar to
algebra. Such reductions are constantly made in Algebraic
Addition, Subtraction, Multiplication, and Division.

ADDITION.

26. Addition in Algebra, consists in finding the simplest
equivalent expression for several algebraic quantities, con-
nected together by the sign plus or minus. Such equivalent
expression is called their sum.

1. What is the sum of .

3azx+2ab and —2ax--ab.

3ax+42ab

‘We reduce the terms as in Art. 25, —2ax+ ab

and find forthe sum . . . . .. ...... ax+3ab
2. Let it be required to add together g‘;
the expressions : %

Theresult is. ... ... ....... 3a+5b+2¢

an expression which cannot be reduced to a more simple
form.

QuesT.—26. What is addition in Algebra ? 'What is such simplest
and equivalent expression called ?
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4a%p®

Again, add together the monomialsg 2a%b3

76?3

The result after reducing (Art. 25),is. . 13423

2_

3. Let it be required to find the sum 20, 4ab
of the expressions 34'—3abt 2
2ab—552

Their sum, after reducing (Art. 25) is . 5¢2—5ab—4b?

27. As a course of reasoning similar to the above
would apply to all polynomials, we deduce for the addition
of algebraic quantities the following general

RULE. .
1. Write down the quantities to be added so that the similar
terms shall fall under each other, and give to each term its
proper sign. ,
I1. Reduce the similar terms, and anncx to the results the
terms which cannot be reduced, giving to each term its respec-

tive sign.

EXAMPLES.

1. What is the sum of 3az, 5axr, —2a2z and 13az.?
Ans. 19ax.

2. What is the sum of 4ab-+-8ac and 2ab—7ac+d.?
Ans. 6ab+ac+d.

3. Add together the polynomials,

842 — Qb2 —dab, 5a2—b?+2ab, and 3ab— 3c2—252.

The term 3a? being similar to

2 —
write 82 for the result g:: +;z _2;::
luction of these two terms, +3¢b—252—3¢2

me time slightly crossing

2 5232
in the first term. 8al+ ab—5b*—3c

~27. Give the rule for the addition of Algebraic quantities
L]
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Passing then to the term
and - 3ab, the three reduc

—4ab, which is similar to 4-2ab
e to +ab, which is placed after

842, and the terms crossed like the first term. Passing
then to the terms involving &2, we find their sum to be
—5b2, after which we write —3¢2,

The marks are drawn across the terms, that none of them
may be overlooked and omitted.’

(4) (5) (6) (7) (8)
a - 6a 5a 3ab 3ac
- _Sa 56 5ab Soe
T Ta ks 8w e
(9) (10) (11)
Tabc+ 9ax 8ax 430 12a— 6¢
~—3abc—3ax 5ax—9b —3a— 9¢
4abc+-6ax 13ax—6b 9a—15¢
Nore—If a=5, b=4, ¢=2, =1, what are the values
of the several sums above found.
(12) (13) (14)
9a+f 6ax— 8ac 3af+ g +m
—6a+g —T7ax— 9ac ag—3af —m
—~2a—f ax+17ac ab— ag+3g
atg 0 0 ab+t-4g
(15) (16)
7x+3ab+4 3. 8224 9acx+ 13a2b2c?
~3x—3ab— 5¢ —722—13acr+ 14a2h%c?
S5x—9ab— 9c¢ ~—4x24 4acx—20a2h2c?
9x—9ab—1lc —3x%24+ 0 4 7a%b%?
(17) (18)

22h—3c—T7f+ 3¢
— 3h+48c—2f—9g+ 5z

19ah®+ 3a3b*—8aa?
—17ah?—9a3b* 4 9ax?

194+ 5¢c—9f—6g+5z

2R —6a°0+ ax?
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(19) - (20)
Tx—9y+524-3— g 8a+ b
-~ x—3y —8— g 2¢— b+ ¢
— a4 y—3s+1+7 —3a+ b +2d
—22+6y+32—1— g —6b—3c+3d
z+8y—5249+ g —5a +7c—8d
4x+3y4+0 +4+5¢ 2a—5b45¢—3d

21. Add together —b+3c—d—115¢+6f—5¢, 3b—2e¢
—3d—e+-27f, 5c—8d+3f—Tg, —Tb—6¢c+17d+9e—5f
+11g, —3b—5d—2e+6f—9g+h. .

Ans. —8b—109¢+437f—10g+A.

22. Add together the polynomials 7a2b—3abc—8b%—9¢3
+-cd?, 8abc—5a%b 4 3c®—4b%c+cd? and 4a?b—8c349b3%¢
~3d3. Ans. 6a2b+45abc—3b%c—14c3+42cd?—3d3.

23. What is the sum of 5a%bc+6bx—4af, —3a%bc—6bax
+14af, —af+9bz+2a%c, +6af—8bx6a2be.

‘ Ans. 10a?be+bx-15af.

24. What is the sum of ¢?n%+-3a%m+ b, —642n2—64a3m—b,
+ 956 —9a’m—5a2n2. Ans. —10a°n2—12a°n+ 95

25. What is the sum™of 44a3b%c—16atz—9ax3d, + 6a%b2¢
—~6ax3d+17a*z, -+ 16a2’d—atz—9a3b%.

Ans. a3b%c+ax3d.

26. What is the sum of —7g43b44g—2b, +3g
—3b4-2b. Ans. 0.

27. What is the sum of @b4-3zy—m—n, —62y—3m
+11n4-cd, +3zy+4m—10n+fg. Ans. ab+cd+fz.

28. What is the sum of 4xy+n--6ax--9am, —6zy+-6n
—6ax—8am, 2zy—Tn-+ax—am. Ans. +az.
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29. Add the polynomials 19a2x3b—12a%, 5a%x%)+ 14a%ch
—10ax, —2a2x3b—12a%b, and —18a2x3b—12a%cb+9ax.
Ans. 4a2x3b—22a%cb—ax.
30. Add together 3a+bd+c¢, 5a42b+3ac, a+c+ac,
and —3a—9ac—8b. Ans. 6a—5b+2c—>5ac.
31. Add together . 5a%b+6cx+9bc?, Tcx—8a?b, and
—15¢cx—9bc%+4-2a2b. Ans. —a?b2cax.
32. Add together 8ax-+ 5ab+-3a2b%c2, —18ax+ 6a%-10ab
and 10ax—15ab— 6a2b2c2. Ans. —3a?b%%+6a2.
33. Add together 3¢%+-542b%*— 943z, 7a? —8Ba?b?c2—10ax
and 10ad4164a20%c34+19a%.  Ans. 10a2+ 13a2b%c2+10ab.

SUBTRACTION.

28. Subtraction, in Algebra, consists in finding the sim-
plest expression for the difference between two algebraic
quantities.

Thus, the difference between 64 and 3a is expressed bv

6a—3a=3a;
and the difference between 723 and 34% by
7a3b—3a%b =44%.

In like manner the difference between 44 and 3b is
expressed by 4a—3b. '

Hence, If the quantities are similar, subtract the coefficients ;
and if they are not similar, place the minus sign before the
guantity to be subtracted.

Quest.—28. In what does subtraction in Algebra consiet? Howdo
you find this difference when the quantities are positive and similar?
‘When they are not similar, how do you express the difference ?

—— &
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(1) (2) (3)
.From 3ab 6Gux 9abe
take - 2ab 3ax 7L_bc
Rom (@ S Take,
(4) (5) (6)
From 16a%b% 17a3b3¢ 24a2h%2
take 9a?b%c 3a%h3¢’ 7a%h%x
Rem. 7a%b% 144353 17a%b%z
(7) (8) (9)
From 3ax 4abax 2am
take 8¢ 9ac ax
Rem. 3ax—8¢ 4abx—9ac 2am—ax.

29. Let it be required to subtract from 4a
the binomial . . e . . 20—3¢
The difference may be put under the form 4a—(26—3c).
We must now remark that it is the difference between 25
and 3¢ which is to be taken from 4a.

If then, we write . . . . .« v . . 4a—2b,
we shall have taken away too much by the units in 3c¢;
hence, 3¢ must be added to glve the true remainder, which
is . . 4a—2b+3e.

To 1llustrate thls enmple by figures, suppose a=>5,
b=5, and ¢=3

We shall then havo e e C e 4a_20
and. . . . . e e e . 2b 3c =10—9 =
which may be wntten . 4a—(26—3¢)=20—1 =19.

Quisr.—29. If 25 —38¢ isto be taken from 4a, what is proposed to
be done? If you subtract 25 from 4a, have you taken too much? How
then must you supply the deficiency?
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Here it is required to subtract 1 from 20. If| then, we
suptract 26=10, from 44=20, it is plain that we shall
have taken too much by 3¢=9, which must therefore be
added to give the true remainder.

30. Hence, for the subtraction of algebraic qua.nutles,
we have the following general

RULE.

1. Write the quantity to be subtracted under that from which
it is to be taken, placing the similar terms, if there are any,
under each other.

11. Change the signs of all the terms of the polynomial to
be subtracted, or conceive them to be changed, and then reduce
the polynomial result to its simplest form.

EXAMPLES.
(1) 224 (1)
From 6ac—5ab+4 c? g% 6ac—5ab+ c?
Take 3ac43abt7c & 6 ~+3a¢—3ab—Tc
Rem. 3ac—8ab} c2—T7e. ﬁgg‘g 3ac—8ab+ c2—Tc.
(2) (3)
From 6ar—a+ 352 6yx—3x2+45b
Take 9ax—ax4 b2 yr—3 + a
Rem. —3ar—a-+ta+202 5yx—3x2+3+5b—a.
(4) (5)
From 5a3—4azb+ 3b% 4ab— cd+3a?
Take —2a3+3azb—- 8b% S5ab—4cd+3a2+4-5b2
Rem. a®—7a?b+411b%. — ab+3cd--582.

QuxsT.—~30. Give the rule for the subtraction of algebraic quantities
3
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6. From
7. From
+8. From
9. From
10. From

11. From
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6am+y take 3am—uz. Ans. 3am+z+y.
3ax take 3ax—y. Ans. +y.
7a%b%—z? take 1842b24-22.
Ans. —11a%252—2a2,
—7f4+3m—8x take —6f—5m—2x+3d4-8.
Ans. —f+-8m—6x—3d—8.
—a—5b+T7c—d take 4b—c+2d-42k.
Ans. —a—9b4-8c—3d—2k.

.. —8a+4b—8¢c+Te—5f+3h—Tx—13y take

k+2¢—9c+8e—Tz+7f—y—31—k.

12. From
13. From

14. From

15. From

16. From

17. From

18. From

Ans. —5a+b+c—e—12f43h—12y+31.
a+b take a—b. : Ans. 2b.
2z—4a—2b+5 take 8—5b+a-62.

Ans. —4x—>5a+43b—3.
3a4-b+c—d—10 take c+2a—d.

Ans. a4b—10.
3a+b+4c—d—10 take 5—1943a.
Ans. ¢c—d+9.

2ab+b2—4c+4bc—b take 3a—c4 B2
Ans. 2ab—3a%?—3¢c+bc—b.

a3+ 3b%+-ab2—abc take b3+ ab?—abe.
Ans. a%+4-302c—53.
12x46a—4b+4-40 take 4b—3a-44246d—10.
Ans. 8zx+49a—8b—6d-+50.

19. From 22—3a+4b+46¢c—50 take 9a+;¢+6b-—6¢:—40.

20. From

Ans. 2—12a—2b+412¢—10.
6a—4b—12¢+ 12z take 22—8a-4-4b—6c¢.
Ans. 14a—8b—6¢+10z.

21. From 8abc—12b%a+6ca—Try take 7cxr—axy—13b%.

Ans. 8abc+ b3a—cx—62y.
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31. By the rule for subtraction, polynomials may be
subjected to certain transformations.

For example, . . 6a*— 3ab + 252 —2bc,

becomes. . . . . 6a*—(3ab — 2b% 4-2bc).
In like manner . . 7a3— 8a?h— 4b%c+ 652,
becomes . . . . 7a®—(8a%b+4 4b%c—6b2),
or, again, . . . . 7a®— 8a%h—(4b%—60?).
Also,. . . . . . 8= 7B + ¢ —d,

becomes . . . . 8a®—(7® — ¢ +4d).
Also,. . . . . . 9%*— a + 3¢ —d,
becomes . . . . 95— (¢ — 3a® +d).

32. Remark.—From what has been shown in addition
and subtraction, we deduce the following principles.

1st. In algebra, the words add and sum do not always, as
in arithmetic, convey the idea of augmentation; for a—b,
which results from the addition of —b to «, is properly
speaking, a difference between the number of units ex-
pressed by a, and the number of units expressed by 5.
Consequently, this result is numerically less than «. To
distinguish this sum from an arithmetical sum, it is called
the algebraic sum.

Thus, the polynomial 2a?—342b+3b% is an algebraic
sum, so long as it is considered as the result of the union

Quest.—31. How may you change the form of a polynomial ? 32. In
algebra do the words add and sum convey the same idea as in arithme-
tic? What is the algebraic sum of 9 and —4? Of 8 and —27?
May an algebraic sum ever be negative? What is the sum of 4 and
~—8? Do the words subtraction and difference in algebra always con-
vey the idea of diminution? What is the algebraic difference between
8 and —4? Between a and —}?
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of the monomials 242, —3a%, +3b%, with their respec-
tive signs ; and, in its proper acceptation, it is the arithmeti-
cal difference between the sum of the units contained in the
additive terms, and the sum of the units contained in the
subtractive terms. ~

It follows from this, that an algebraic sum may, in the
numerical applications, be reduced to a negative number, or
a number affected with the sign —.

2nd. The words subtraction and difference do not always
convey the idea of diminution ; for, the numerical difference
between +a and —b being a+5, exceeds a. This result
"is an algebraic difference, and can be put under the form of

a—(—b)=a+b

MULTIPLICATION.

33. If a man earns ¢ dollars in one day, how much
will he earn in 6 days? Here it is simply required to re-
peat the number @, 6 times, which gives 6a for the amount
earned.

1. What will ten yards of cloth cost at ¢ dollars per yard ?

Anrs. 10c dollars.

2. What will d hats cost at 9 dollars per hat?

Ans. 9d dollars.

3. What will 5 cravats cost at 40 cents each ?

Ans. 400b cents.

4. What will b pair of gloves cost at a cents a pair ?

QuesT.—33. What is the object of multiplication in algebra?! Ifa
man earns a dollars in one day, how much will he earn in 4 days? In
5days? In 6 days?
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Here it is plain that the cost will be found by repeating 5
as many times as there are urnits in a: Hence, the cost is
ab cents. Ans. ab cents.

NoTe.—If we suppose a=6, c=4, and d=3, what would
be the numerical values of the above answers ?

5. If a man’s income is 3a dollars a week, how much
will it be in45weeks. Here we must repeat 3a dollars as
many times as there are units in 45 weeks ; hence, the pro-
duct is equal to

3ax4b=12ab..

If we suppose a=4 and =3 the product will be equal
to 144.

34. Remark.—It is plain that the product 124b will not
be altered by changing the arrangement of the factors ; that
is, 12ab is the same as abx 12, or as bax 12, or as
ax 12 xb (See Arithmetic, § 22).

35. Let us now multiply 34252 by 2a2b, which may be

placed under the form
3a%b? X 2a2b =3 X 2aaaabbb ;
in which a is a factor four times, and b a factor three times:
hence (Art. 13).
3a2b? X 2a%b=3 X 2aaaabbb=64*b3,

in which, we multiply the co-efficients together and add the
exponents of the like letters.

Quest.—34. Will a product be altered by changing the arrangement
of the factors? Is 8ab the same as 86a? Is it the same as ax35?
As 5x32? 3B6. In multiplying monomials what do you do with the co-
efficients? What do you do with the exponents of the common letters ?
If s letter is found in one factor and not in the other, what do you do ?

3w
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Hence, for the multiplication of monomials, we have the

following
RULE.

1 Multiply the co-efficients together.

II. Write after this product all the letters which are coms
mon to the multiplicand and multiplier, affecting each letter
with an exponent equal to the sum of the two exponents with
which this letter is affected in the two factors.

III. If a letter enters into but one of the factors, write it in
the product with the exponent with whick it is affected in the
Sactor.

EXAMPLES.
1. 8a2bc? X Tabd? = 56ab%c*d3.
2. 214a3b%cd X 8abc® = 168abictd.
3. 4abe X 7df = 28abedf.
(4) (5) (6)
Multiply 3a% 12a%x 6zy z
by 24 12a2% ay’s
© Bath? 144a%a%y 6axy323,
(7) (8) (9)
a’xy 3ab?c® 87ax%y
2zxy? 9ab%¢ _ 3Bty
2a?x%y3 27a3b%c* 261ab%2by%,
10. Multiply 53222 by 6c%S. Ans. 30a*b?c°a8,
11. Multiply 104*55® by 7acd. Ans. 70a%b5c°d.
12. Multiply 9a3bzy by 9a3bzy. Ans. 81a%h%a?y2.

13. Multiply 36a%67c®d® by 20ab%3d*. Ans. 720a%h%c%d>.
14. Multiply 27¢xyz by 9a*b?c*d?xys.

Ans. 243a3b?c2d?a’y?2?
15. Multiply 134%0% by 8abay. Ans 104ab3cxy
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16. Multiply 204a%%cd by 12a?z%y. Ans. 240a"0°cdxdy.
17. Multiply 14640%dty by 20a3c?2?y.
Ans. 280a7bc2d4x?y3.
18. Multiply 8a%%y* by 7atbxyS. Ans. 56a7béxy®.
19. Multiply 75axyz by 5abeda?y?.
Ans. 376a%cdz’y’s.
20. Multiply 51a%y%22 by 9a2bc?xSy.
Ans. 459atbex’yq.
36. We will now proceed to the multiplication of poly-
nomials. Take the two polynomials a+b+c¢, and d4-f,
composed entirely of additive terms ; the product may be
presented under the form (ab-+-¢) (d+7). It is now re-
quired to take the multiplicand as many times as.there are
units in d and f.

Multiplicand . . . . . . . a+bd+c

Multiplier . . . . . . . . d+f
takendtimes . . . . . . . adtbdtecd
taken ftimes . . . . . . Faf+bf+of
entire product . . . . ad+bd+cd+af+bf+of

Therefore, in order to multiply together two polynomul.s
composed entirely of additive terms :

Multiply successively each term’ of the multiplicand by eack
term of the multiplier, and add together all the products.

EXAMPLES.
1. Multiply . . . . . 30+ 4ab4-42
by . . . . .. 2a + 5b
6a° + 8a%b+2ab? .
‘The product, after reducmg, + 154304 20ab34- 55
becomes .o . 6a3+4-23a?b+-22abt 4583,

Quest.—86. How do you multiply two polynomials composed of
edditive terms 1
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(2) (3)
a3t y3 25+ xy® +Tax
z +z ax +5ax
B4 zy? ax’+ ax?yS+Ta*a?
+a?y+y° +5a2® + 5a2%y®+ 354323
Bt 2y +aPy+y° 6a2°-+ 6ax?yS+ 42a%3.
4. Multiply 22+2ax+a* by a+a.
Ans. 234 3ax?+3a%x+a®
5. Multiply 2°+y® by x+y.
‘ Ans. o+4zyd+2dy+yt
0. Multiply ‘3ab%+6a%2¢2 by 3ab?+ 3a%c
Ans. 9a2b*+27a3b%c? 4 18atct
7. Multiply 4%02+¢%d by a+d.
Ans. a3b?+ ac?d+- a?b3+be?d.
8. Multiply 3¢a?+-9abd34-cd® by 6ac?.
Ans. 18a3c%x?+ 54a3c2b3 4 6a*c3d8,
9. Multiply 644%2%+274a%x+9ab by 8a’cd.
Ans. 512a%da3+216a5cdx+T2a%bed.
10. Multiply 424242422 by a-+t=.

Ans. a3+ 3a’x+ 3ax?+4a3.

. Multiply a%+ 3a?x+ 3aaR4ea3 by a--a.

Ans. a*+4-4a3x+6a%x?+ 4axd 42,

37. To explain the most general case, multiply a—&

by c—d.
The required product is equal to a —b
a—>b taken as many times as there ¢ —d
are units in c—d. Ifthen wemul-  ac—be
tiply by ¢, which gives ac—bc, we —ad+-bd

have got too much by a—& taken ac—bec—ad+bd.
d times ; that is, we have ad—db - .
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too much. Changing the signs, and subtracting this from
the first product (Art. 3Q), we have
(¢—2) (¢c—d)=ac—bc—ad+bd.

Let us suppose a=10, =6, c=5, and d=1; in which

case we find the product
(¢—b) (c—d)=ac—bc—ad+bd=16.
Hence, we have the following rule for the signs.

When two terms of the multiplicand and multiplier are
affected with the same sign, the corresponding product is affect-
ed with the sign + ; and when they are affected with contra~y
stgns, the product is affected with the sign —.

Therefore we say in algebraic language, that +4 multi-
plied by +, or — multiplied by —, gives + ; — multi-
plied by +, or + multiplied by —, gives —.

Hence, for the multiplication of polynomials we have the
. following

RULE.

Multzply all the terms of the multiplicand by each term of
the multiplier, observing that like signs give plus in the pro-
_ duct, and unlike signs minus. Then reduce the polynomial

result to its simplest form.

EXAMPLES.
1. Mnltiply .« « . 2ax— 3ab
by . . . e v 4 . 3z — b
The product . . . . . 6ax*— 9Qabzx
becomes after . . . . — 2abx+43ab?
reducing . . . . . . 6ax®—1labxz+-3ab

Quest.—37. What does + multiplied by + give? < multiplied
by —? — multiplied by +? — multiplied by —? Give the rule fot
the multiplication of polynomials ?
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at—28 by a—b.
Ans. ¢®—2ab®—atb4-25*.
2?2—3a¢—7 by x—2.
Ans. o3 —5x%—zx+14.
342 —5ab+2b% by a*—7ab.

Ans. 3a*—26a3b+ 374202 —14ab3.
B4+ by b2—1. Ans. b®—b3.
at—2x%y+ 4a%y? —8xy®+ 16y* by x+2y.

Ans. x5+ 32y5.
422 —2y by 2y. Ans. 8x*y—4y2.
2z+44y by 2x—4y. Ans. 4x°—16y3.
34 2%y+zy?+y° by a—y.
Ans. zt—yt.
@ +ay+y* by 2?—ay+y?
_ Ans. x*4-a2%y? 4yt
2¢2—3ax+4x® by 5a%—6ax—2x2.
Ans. 10a*—27az+ 34a%x?—18ax3 —8at.
322—22y+5 by a?+4-2zxy—3.
Ans. 3zt44a’y —4a2—4a?y?4- 162y —15.
3294223343y by 22°—3a¥i+5%.
Ans. g 628 — Sady? —6atyt 4 6y
15233 — 9yt +- 102?54~ 1545,
8ax—6ab—c by 2ax--ab+c.

Ans. 16a%x?—4a2bx—6a?b?+4 6acx — Tabec — 3.

Multiply

3a2—5b2+3c2 by a*—b3.
Ans. 3a*— 8a2b%+4-3a?c? 4 5b¢ — 353c3,

3a2—5bd+ of
— 5024 4bd—8cf.

Pro.red. — 15a*+ 37a%bd— 29a%cf—2053d%+ ddbedf—8c3f3.
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38. To finish with what has reference to algebraic mul-
~iplication, we will make known a few results of frequent
use in Algebra.

Let it be required to form the square or second power of
the binomial (¢+53). We have, from known principles,

(a+0)*=(a+bd) (a+b)=a*+2ab+ b2
That is, the square of the sum of two quantities is equal to
the square of the first, plus twice the product of the first by the
-second, plus the square of the second.
1. Form the square of 2¢+435. We have from the rule

(2¢ +38)2 = 44> + 12ab + 902
2. (5ab+3ac)* =254?0%+ 30a%bc+ 9a?c?.
3. (562 +8a%)2 =25a¢ + 80ath +64ath2.
4.  (6ar+94%?)2=360%2+ 10843+ 8latat.
39. To form the square of a difference a—b, we have
(a—b)2=(a—b) (a—b)=a>—2ab+ b2
" That is, the square of the difference between two quantities is
equal to the square of the first, minus twice the product of the
first by the second, plus the square of the second.
1 Form the square of 2¢—b. We have
(26 —b)2 =442 —4ab+-b%
2. Form the square of 4ac—bc. We have
(4ac— bc)2=164%c%— 8abc? 4 b2c?.
3. Form the square of 74?62—124ab3. We have
(7a2b2—12ab%)2=49a'b* —168a°b°{- 1444255,

QuesT.—38. What is the square of the sum of two quantities equal to ¢
89. What is the square of the difference of two quantities equal to ?
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40. Let it be required to multiply a+5 by a—b. We
have
(a+b) X (a—b)=a>—b2.
Hegnce, the sum of two quantities, multiplied by their’ differ-
ence, is equal to the difference of their squares.
1. Multiply 2¢c+b by 2c—b. We have
(2c+0) X (2c—b)=4c2—b2.
2. Multiply 9ac+3bc by 9ac—3bc. We have
(9ac+ 3bc)(9ac— 3bc) =81a%c —9b%c?,
3. Multiply 8a3+7ab? by 8a3—7ab%.. We have
(8a®+ 7ab?)(8a% — 7ab?) = 64a% — 494254

41. It is sometimes convenient to find the factors of a

polynomial, or to resolve a polynomial into its factors.
Thus, if we have the polynomial

ac+ab+ad,

we see that g is a common factt_)r to each of the terms :
hence, it may be placed under the form

a(c+b+d).
1. Find the factors of the polynomial @262+ a2d+ a?f.
Ans. a¥(b2+d+-Y).
2. Find the factors of 3a2b- 642524 b%d.
Ans. b(3a%+46a2b+-bd).
8. Find the factors of 3a?b+ 9a%c-+ 18a%ry.

Ans. 3a2(b+3c+6zy).

10. What is the sum of two quantities multiplied by their
nal to?
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4. Find the factors of 8aZcx— 18aca®+ 2ac’y —30asc%2.
‘ Ans. 2ac(4ax—9x2+ cty—15a°c%x).
5. Find the factors of a2+42ab+-52.
Ans. (a+b) % (a+D).
6. Find the factors of a2—b52. Ans. (a+b) % (a—b).
7. Find the factors of a2—2ab+52. '
Ans. (a—b) % (a—1d).

DIVISION.

42. Algebraic division has the same object as arithmeti-
cal, viz: having given a product, and one of its factors, to
find the other factor.

We will first consider the case of two monomials.

The division of 724° by 8a® is indicated thus :

72a8
8a3

It is required to find a third monomial, which, multiplied
by the second, will produce the first. It is plain that the
third monomial is 942; for by the rules of multiplication
843 X 90%="720". o

7245

8a3
a result which is obtained by dividing the coefficient of the
dividend by the coefficient of the divisor, and subtracting the
exponents of the like letter.

Hence, we have

= 963,

Queer.—42. What is the object of division in Algebra? Give the
rule for dividing monomials 1
4
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1 35a3b%c
’ 7ab
for, 7ab X 5a%bc = 35a3b3c.
. 56a4b2c?
Again, Satbe = 7abe.

=5a3"102"1¢c = 5a?be,

Hence, for the division of monomials we have the following

I. Divide the coefficient of the dividend by the coefficient of

the divisor.

RULE.

I1. Werite in the quotient, after the coefficient, all the letters
common to the dividend and divisor, and affect each with an
exponent equal to the excess of its exponent in the dividend
over that in the divisor.

III. Annex to these, those letters of the dividend, with their
respective exponents, which are not found in the divisor.

From these rules we find

48a3b3c%d
12ab2%c

Divide
. Divide
Divide
Divide
Divide
Divide
Divide
. Divide
. Divide
. Divide
. Divide

© DO R W

-
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==4a2bed ;

1622 by 8z.
15axy® by 3ay.
84ab’x by 1252
36ab° by 9a3b%.
88a%%% by 8a2b.

99atbéa® by 11a%%at.

108x2%y%2° by 54a°z.

6427y%38 by 16a%y*s°.

9647655 by 12a2be.
544’c*d® by 27acd.
38q%4%d* by 24%4d.

150a%b8cd®
30a3b5d?

= 5a’b3cd.

Ans. 2z
Ans. Szy®.
Ans. Tabz.
Ans. 4ab3c.
Ans. 1labe.
Ans. 9ab%x.

s Ans. 2xy°22
Ans. 4zyz.
Ans. 8abbSct.
Ans. 2a8cids.
Ans. 19abd3.
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12. Divide 424%%2 by 7abe. Ans. 6abe.
13. Divide 64a%*c® by 32atbe. Ans. 2ab%".
14. Divide 1284%%" by 16axy*. Ans. 8ata®yd.
15. Divide 1325d%f%.by 2d‘f. Ans. 66bdf®.
16. Divide 256a*3%*d’ by 16a%c%.  Ans. 16ab®c’d’.
17. Divide 200¢°m2n? by 50a’mn. Ans. 4amn.
18. Divide 300z%4s? by 60zy?s. Ans. 5z%y%s.
19. Divide 27a%h%c2 by 9abc. " Ans. 3atbe.
20. Divide 644%%2® by 32ay°s". Ans. 2a%ys.
21.. Divide 88a%35c® by 11la%btcs. Ans. 8a?2,

43. It follows from the preceding rule, that the division
of monomials will be impossible,

1st. When the coefficients are not divisible by each other.

2nd. When the exponent of the same letter is greater
in the divisor than in the dividend.

3rd. When the divisor contains one or more letters which
are not found in the dividend.

When either of these three cases occurs, the quotient re-
mains under the form of a monomial fraction; that is, a
monomial expréssion, necessarily containing the algebraic
sign of division, but which may frequently be reduced.

Take, for example, 12a¢*%d, to be divided by 8a2bc3, -
which is placed under the form

12a4%%cd
8a%c?

QuesT.—43. What is the first case named in which the division of «
monomials will not be exact? What is thesecond? What is the third ?
If either of these cases occur, can the exact division be made? Under
what form will the quotient then remain? May this fraction be often
reduced to a simpler form 1
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this may be reduced by dividing the numerator and denomi-
nator by the common factors 4, @ b, and ¢, which gives

12a8%d __ 3a%d
e 8% . 2

44. Hence, for the reduction of a monomial fraction we
have the following

RULE.

1. Suppress the greatest factor common to the two co-
efficients.

IL. Subtract the less of the two exponents of the same letter
Jrom the greater, and write the letter affected with this differ-
ence in that term of the fraction corresponding with the greatest
exponent.

III. Write those letters which are not common, with their
respective exponents, in the term of the fraction which contains
them.

From this new rule, we find, -

(1) (2)
48V _dad . 3Tabd _ 3T
36a?b3c2de” 3bce 6a3b ctd?™ 6a%d '’
(3) (4)
al 7?1 and 4% 2
® Taw T 2ab 6abt 35
5. Divide 49a°%%* by 14a%ct. Ans. ';ﬂ
17
6. Divide 6amn by 3abe. Ans. iﬂ,
. C
7. Divide 18a%%mn? by 12a*htcd. Ans. omn?

s 2a%b%cd °

Quzer.—44, Give the rule for the reduction of a monomial fraction
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8. Divide 28a%7d® by 16abed'm.  Ans. :’f;%.
.. < 6 -
9. Divide 72a%¢%)? by 12a5¢4b%. AM. m-.
10. Divide 100a%%emn by 25ad.  Ans. 2202
3 .
11. Divide 96a89df by 75a%sy.  Ans. 3—'?12‘5%;'&
12. Divide S5min¥fuly® by loamnf. Ans. — 0L
.. 127
2,3 4 —_
13. Divide 127d%z%® by 16d‘ziyt. Ans. T6daigs
45. If we have an expression of the form
-2 @ o 5-3- or il T i &
7’ or ;'3‘9 T Pyl ;«" O F, Cy
and apply the rule for the exponents, ‘'we shall have
T a a? a®

—a—=a1‘1-_-a°, = 3=2—q?, F:a’":a", &e.
But since any quantity divided by itself is equal to 1, it
follows that

a?
%—:a":l, F:a"’:ﬁ:l, &ec,
or finally, if we designate the general exponent by m, we
have <
a™

F:a""":a":l ;

that is, any power of which the exponent is 0 is equal to 1.

QuesT.—48. What is a0 equal to? Whatis 5 equal to? What is
the power of any sumber equal to, when the exponent of the power is 0¢
4°
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2. Divide 6a%?*d by 3a%d.

6a2b2ctd

——— 33 B33 -1

g =30 i T =3k,
3. Divide 8a*33ctd® by 4a*53cde. Ans. 242
4. Divide 16a%°d® by 8aSb%d. Ans. 2d°.
5. Divide 32m’n%2z%? by d4m®nizy. Ans. Szy.
6. Divide 96a%65d%® by 24atb*dscP. Ans. 4bd3,

SIGNS IN DIVISION.

46. The object of division, is to find a third quantity
called the quotient, which, multiplied by the divisor, shall
produce the dividend.

Since, in multiplication, the product of two terms having
the same sign is affected with the sign +, and the product
of two terms having contrary signs is affected with the
sign —, we may conclude,

1st. That when the term of the dividend has the sign -,
and that of the divisor the sign of 4, the term of the quo-
tient must have the sign 4.

2nd. When the term of the dividend has the sign +, and

that of the-divisor the sign —, the term of the quotient

must have the sign —, because it is only the sign —,
‘which, multiplied with the sign —, can produce the sign 4
of the dividend.

Quest.—46. What will the quotient, multiplied by the divisor, be
equal to? If the multiplicand and multiplier have like signs, what will
be the sign of the product? If they have contrary signs, what will be
the sign of the product? When the term of the dividend and the term
of the divisor have the same sign, what will be the sign of the quotient ?
‘When they have different signs, what will be the sign of the quotient ?
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3rd. When the term of the dividend has the sign —, and
that of the divisor the sign -+, the quotient must have the
sign —. Again we say for brevity, that,

+ divided by +, and — divided by —, give +;
— divided by +, and + divided by —, give —.

EXAMPLES.

1. Divide 4ax by —2a. Ans. —2a.
Here it is plain that the answer must be —2ax; for,

. Divide
. Divide
. Divide
Divide
Divide
Divide
. Divide
. Divide
Divide
. Divide
. Divide
. Divide
. Divide
. Divide
. Divide
. Divide
. Divide

© O3 O bW

[ e A et
© NS, WD ~O

—2a X —2x=-44ax, the divisor

36a%? by —124%. - Ans. —3aa.
—58a%b5c%d? by 29a2btc. Ans. —2abed?.

—84a'b°d® by —424%%d. Ans. 2a%03d2.
64ctd’z® by 16ctd. Ans,  4dia?.
—88btz%yS by —24b%dz®. Ans. %f
T7a'y’2* by —1laty®st. Ans. —T7.
84a*h2c3d by —42atbic?d. Ans. —2.
—60actd by —128P.  Ans. +5-
—88a%7c8 by B8a%86cs. Ans. —1lab.
1622 by —8a. . Ans. —2u.
—15a%cy® by 3ay. Ans. —baxy?.
—84ab’z by —128% Ans. Tabe.
—96a%b*c3 by 12adbe. Ans. —8abc2.
—~—144a%8¢'d® by —36a*b6ctd. Ans. 4a%b%cdt.
256a%c2a3 by —16a%cz?.  Ans. —16abca.

—300a%bic3s® by 30a%b%3z. Ans. —10abcz.
500a%0%® by —100a58%*. Ans. —5abc®.
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19. Divide —64a%8%" by —8atb7cs, Ans. 8ave.

20. Divide --96a5*d® by —24a%b%d. Ans. —4ab?d’.

21. Divide 724%%d* by —8a*b?d. Ans. —9abd?.
y ) Division of Polynomials.

FIRST EXAMPLE.

47. Divide @*—2ax+a? by a—ax.

[t is found most convenient, Dividend. Divisor.
in division in algebra, to place a*—2ar+2*a—e
the divisor 'n the right of the  @*— ax a—zx
dividend, and the quotient di- — ax+x?| Quotient.
rectly under the divisor. — ax+a?

We first divide the term a2 of the dividend by the term a
of the divisor : the partial quotient is ¢, which we place
under the divisor. We then multiply the divisor by a, and
subtract the product a®?—ax from the dividend, and to the
remainder bring down 22. We then divide the first term of
the remainder, —ax by a, the quotient is —z. We then
multiply the divisor by —z, and, subtracting as before, we
find nothing remains. Hence, a—x is the exact quotient.

In this example, we have written the terms of the dividend
and divisor in such a manner that the exponents of the same
letter shall go on diminishing from left to right. This is
what is called arrenging the dividend and divisor with
reference to a certain letter. By this preparation, the first
term on the left of the dividend, and the first on the left of
the divisor, are always the two which must be divided by
each other in order to obtain a term of the quotient.

Quest.—47. What do you understand by arranging a polynomial with
reference to a particular letter ?
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48. Hence, for the division of polynomials we have the
following

RULE.

1. Arrange the dividend and divisor with reference to a cer:
tain letter, and then divide the first term on the left of the
dividend by the first term on the left of the divisor, the result
is the first term of the quotient ; multiply the divisor by this
term, and subtract the product from the dividend.

I1. Then divide the first term of the remainder by the first
term of the divisor, which gives the second term of the quotient ;
multiply the divisor by the second term, and subtract the pro-
duct from the result of the first operation. Continue the same
process until you obtain O for a remainder ; in which case the
division is said to be cxact.

SECOND EXAMPLE.
Let it be required to divide
51a2b%+ 10a*—48a3b—15b*+4ab® by 4ab—54a3+ 302

‘We here arrange with reference to a.

Dividend. Divisor.
10a*—48a3b+ 51420 4ab3—15b4 | —5a24-4ab+4-3b2
+10at— 8a% — 6a2h? 344 8ab—58%
—40a3b+57a%b%+ 4ab3—15b4 Quotient.
—40a3b+4 32a%h2424ab3

25a202 —20ab3 —15b*
25a2b2 —20ab3 —15b4

QuesT.—48. Give the general rule for the division of polynomials ?
If the first term of the arranged dividend is not divisible by the first term
of the arranged divisor, is the exact division possible? If the first term
of any partial dividend is not divisible by the first term of the divisor. is
the exact division possible ?
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ReMarx.—When the first term of the arranged dividend
is not exactly divisible by that of the arranged divisor, the
complete division is impossible ; that is to say, there is not
a polynomial which, multiplied by the divisor, will produce

the dividend.

And in general, we shall find that a division

is impossible, when the first term of one of the partial
dividends is not divisible by the first term of the divisor.

. Divide
. Divide
. Divide
Divide
. Divide
. Divide
. Divide
Divide
. Divide
. Divide
. Divide
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12. Divide

GENERAL EXAMPLES.

1822 by 9z. Ans. 2x.
10a%y? by —5a%. Ans. —2y.
—9ax?y? by 9a2%. Ans. —ay.
—8a% by —2az. ) Ans. +4x.
10ab+15ac by 5a. Ans. 2b+3c.
30ax—542 by 6z. Ans. 5a—9.

1022y —15y2—5y by 5y. Ans. 22%---3y—1.
12¢+3ax—18a2? by 3a. Ans. 442—6a2.
6ax2+49a%2+a%2? by ax. Ans. 62+ 9a+ax.
a*+2az+ 22 by a+a. Ans. a+ta.
a®—3a?y+3ay*—y® by a—y.
Ans. a®>—2ay+y3.
24420 —12acb*—6ab by —6ab.
Ans. —4a-+2a%ch+1.

13. Divide 62#—96 by 32—-6. Ans. 2x°4-42?4-8x+16.
14. Divide . . . a%—5atz410a%2—10a%x3 4 S5axt—at
by a*—2ax+a2 Ans. a®—3a’x+ 3ax®—a3
15. Divide 482%—76ax—64a%c+105a® by 2x—3a.

-~

Ans 24x*—2ax—35a?
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s 16. Divide y®—3y*z?+4 3y?zt—a® by y3—3y%x+ Byad—ad.
Ans. y343y?x4- yx®+ a3,
17. Divide 64256 —25420® by 84253+ 5abt.
Ans. 8a?b3—>5abt.
18. Divide 6a’+234%b+422ab%+58° by 3a2-+4ab+52.
Ans. 2a+5b.
19. Divide 6ax®4-6ax?y®+42a%2 by ax+5ax.
Ans. x5+ 2y®4Tax.
20. Divide . . —15a*+ 37a%bd—29a%cf—20b%d*+ 44bedf
--8¢%f2 by 3a2—5bd+-cf. Ans. —5a*+ 4bd—8¢f.
“21. Divide at4a?2+yt by ai—aytyt.
Ans. 2*4-zy4-y3.
22. Divide z*—y* by z—y. Ans. 2+ 2%+ xy? 442
23. Divide 3a*—842b2+3a%c245b¢—302%¢? by q2—02.
. Ans. 36*—5b24-3¢%.
24. Divide . . 628 —>52%y2—6aty* 4 6a3y3 4 15253 — Gyt

+102%5+15y% by 32°+42a2%2+ 3y2.
Ans. 22332224593,

25. Divide . —c*+416a%%—7abc—4a*bz—6a?%-+6acx

by 8axr—6ab—c. Ans. 2ax+adb+-c.
A 26. Divide . . . . 3r*+4r’%y—4x2—4a%y>{ 162y—15
by 2zy+a22—3. Ans. 32?—2xy+45.

27. Divide 25432y by x+42y.
Ans. a*—22%y+42%y?—8xy>4-16y*.
28. Divide 3a*—26a%b—14ab3 4374202 by 2b2—5ab
+3a? Ans. a®—T7ab.
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CHAPTER II.

Algebraic Fractions.

49. Algebraic fractions should be considered in the same
point of view as arithmetical fractions, such as $, 1}; that
is, we must conceive that the unit has been divided into as
many equal parts as there are units in the denominator, and
that one of these parts is taken as many times as there are
units in the numerator. Hence, addition, subtraction, mul-
tiplication, and division, are performed according to the rules
established for arithmetical fractions.

It will not, therefore, be necessary to demonstrate those
rules, and in their application we must follow the procedures
indicated for the calculus of entire algebraic quantities.

50. Every quantity which is not expressed under a
fractional form is called an entire algebraic quantity.

51. An algebraic expression, composed partly of an
entire quantity and partly of a fraction, is called a mixed

quantity.

Quest.—49. How are algebraic fractions to be considered? What
does the denominator show? What does the numerator show ? How
then are the operations in fractions to be performed? 50. What is an
entire quantity? 51. What is a mixed quantity?
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CASE L
To reduce a fraction to its simplest terms.

52. The rule for reducing a monomial fraction to its low-
est terms has already been given (Art. 44).

With respect to polynomial fractions, the following are
cases which are easily reduced.

1. Take, for example, the expression
a?—b?
This fraction can take the form

(a+3) (a—?)
(a—tbyr

(Art. 39 and 40). Suppressing the factor a—5, which

is common to the two terms, we obtain

a+b

a—b’

2. Again, take the expression

5a3—10a2b-}-5ab?
8a3—8a?b

This expression can be decomposed thus :
5a(a?—2ab+-b?)
8a%(a—b) °’

5a (a—b)?

o 8a?(a—b)

Quesr.—82. How do you reduce a fraction to its simplest terms?
-]
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Suppressing the common factors a(a—>), the result is

5(a—1b)
8a

Hence, to reduce any fraction to its simplest terms, we sup-
press or cancel every factor common to the numerator and
denominator.

Note.—Find the factors of the numerator and denomina-
tor as explained in (Art. 41).

EXAMPLES. 1

3a2--6a%h? o .
1. Reduce Toat 680 to 1t§ simplest terms.
s _l+2b2
" 4a%+2ac3°
15a5¢+425a°d .. ’
2. Reduce -—2542"‘_——_3&2— to 1ts smplest terms.
3 7
Ans 3a%c4-5a’d
B 11
85b7¢ cor e
3. Reduce Torag ol simplest terms.
17
‘fb Ans. ?c-.;—.
60ctd?, o e
4. Reduce Tosdf to its simplest terms. 5e .
. Ans. -d?-. |
27a*h*—8la bS 3a3—952 '
5. Redueo e g0 ek =
964a3b2%c o . '
6. Reduce e, ©is simplest terms. Ans. —8,
2455—36ab* 4b—6a
7. Reduce o an—goas Ans. S Tie.
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CASE II.

53. To reduce a mixed quantity to the form of a fraction.

RULE.

Multiply the entire part by the denominator of the fraction ;
then connect this product with the terms of the numerator by
the rules for addition, and under the result place the given
denominator.

EXAMPLES.

1. Reduce 64 to the form of a fraction

6X7=42: 4241=43: hence, 6}:%73

2__ .2
2. Reduce a:—-ia———z—)- to the form of a fraction.
2 (a2 — 2 q?
3 22 _z’ (@ x’)=2a: LA
& x x
3. Reduce 22— “;; al to the form of a fraction.
ax—ax3
Ans. 20
2c—7 .
4. Reduce 54 3% to the form of a fraction.
Ans 1—13—7
- =g
5. Reduce l-—-'?-::-——l- to the form of a fraction.
a—ax41
Ans.

Quest.~-83. How do you reduce a mixed quantity to the form of a
fraction 1
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6. Reduce 1+42x— n:; 3 to the form of a fraction.
Ans 102244243
Sx
7. Reduce 2a+5— 36;-4 to the form of a fraction.
Ans. 16a+8b—3c—4.
8
20—
8. Reduce 6ax4b— WL to the form of a fraction.
2
Ans 18a2x+5ab )
4a
2,
9. Reduce 8+3ab—ﬁ6—gfx‘— to the Yorm of a frac-
12abat
. " 96abxt-+} 304202t —8
tion. Ans. 12aba .
10. Reduce 9+£?:—‘(,‘83i to the form of a fraction.
9a—652—8c*
AM. —;—:bz———.
CASE IIIL

54. To reduce a fraction to an entire or mixed quantity.

RULE.

Divide the numerator by the denominator for the entire part,
and place the remainder, if any, over the denominator for the
fractional part.

Queer.—B84. How do you reduce a fraction to an entire or mixed
quantity ?



1. Reduce

2. Reduce

3. Reduce

4. Reduce

5. Reduce

6. Reduce

7 Reduce

8. Reduce
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EXAMPLES.
8—9:—6 to an entire number.
8)8966(
1120... 6 rem.
Hence, 11208= Ans.
—a?
a:cha to a mixed quantity.
Ans. a——g-:.
x
“:zz to an entire or mixed quantity.
Ans. a—=x
—942
____ab b2a to a mixed quantity.
3
Ans. a— 2a
2
aa ‘:2 to an entire quantity. Ans. a4z
,:_Za to an entire quantity.
Ans. 2?4y +-y?
2__
&%i to a mixed quantity.

3

3623 — 7224 32a%x2
9%

to a mixed quantity.

32a%x
o
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CASE .
85. To reduce fractions having different denominators
to equivalent fractions having a common denominator.
RULE.

Multiply each numerator into all the denominators except its
own, for the new numerators, and all the denominators together
for a common denominator.

EXAMPLES.

1. Reduce %, §, and £, to a common denominator.

1x3x5=15 the new numerator of the 1st.

TX2x5="70 . . . 2nd.

4xX3x2=24 ” ’ ” 3rd.
and 2X3x5=30 the common denominator.

Therefore, 43, 13, and £%, are the equivalent fractions.

Nore.—TIt is plain that this reduction does not alter the
values of the several fractions, since the numerator and
denominator of each are multiplied by the same number.

2. Reduce % and -:):— to equivalent fractions having

a common denominator.

aXc=ac
bxb=>52
and bxc=bc the common denominator.

} the new numerators.

Quest.—88. How do you reduce fractions to a common denominator 1
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Hence, and

b2
be bc

3. Reduce and

b

mon denominator.

3_x 2b
24’ 3¢’

common denominator.

4. Reduce

2
EX
a common denominator.

3
5. Reduce =

9a
' 12’

Ans

a?

6. Reduce 5

1
?y

Ans, ——,

- 68

are the equivalent fractions.

atb to fractions having a com-
ab4-b?
be

ac

b and

Ans.

and d, to fractions having a

4ab 6acd
6ac ’ 6ac

9cx

6ac

and a-{-?, to fractions having

8ax

12424 24x
12a’ :

12a
a4z

atax ’

to fractions

having a common denominator.

Ans

3a+3x

2a3+42a%x 6a2-4- 622

6ax

7. Reduce
denominator.

A S5acd

¢ a-b

s
a

8. Reduce

nominator.

Ans

ac®4-c2b

* 6a+ 62’

a
3’  5¢’

18abdx
S 15bcd ' 15bed ’

¢ ’

5a3—5ab?

6a +6x °’ 6a -6z
Pea?

and P

to a common

15a2bc—15bca?

and 156¢d

c

and paral

to a common de-

S5ac?

* 5a2%+bHabc ’

5a%c+ 5abc ’

snd 5a%c+ 5abe
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CASE V.
86. To add fractional quantities together.

. RULE.

Reduce the fractions, if necessary, to a common denomina-
tor; then add the numerators together, and place their sum
over the common denominator.

EXAMPLES.
1. Add §, 4, and § together.
By reducing to a common denominator, we have

6Xx3x5=90 1st numerator.
4x2X5=40 2nd numerator.
2xX3X2=12 3rd numerator.
2%x3x5=30 the denominator.

Hence, the fractions become

‘90 40 12 142
3073030 = 30’

which, by reducing to the lowest terms become 444.

i s £ £
2. Find the sum of L and 7
Here axdX f=adf "
eX bX f=cbf }the new numerators.
exbxd=ebd
And bxdXf=bdf the common denominator.

f cbf __adf+cbf--ebd
“bdf bdf + bdf bdf

Hence, the sum.

Quzst.—86. How do you add fractions.
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3. To a—22 aad b+2—;“-.

b
Ans. ,,+5+M,
be
x 2 « x
4. Add 7 and vy together. Ans. x+-l—§.
5. Add =2 and i together. Ans. M
3 7 21
x—2 22—3 102—17
6. Add :c+—3—- to 3x+ T Ans. 4x+ T
. . 522 z+a
7. It is required to add 4, 20" and o together.
5x34-ax+4ad
Ans. 4@+T.
8. It is required to add '23_(" 7;, and 2'”;-1 together,
' 492412
Ans. 2x+ 60"

9. It is required to add 4z, %’5, and 2+ together.
442490
45

Ans. 4x+

10. It is required to add 3a:+-?5£ and x—%“ together.

Ans. 3x+

23x
45

. - 6b ¢
11. Required the sum of ec—g. and 1—7.

8a%cd —6bd 4-8ad—8ac
8ad *

Ans
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CASE VI
87. To subtract one fractional quantity from another.

RULE. .

1. Reduce the fractions to a common denominator.

II. Subtract the numerator of the fraction to be subtracted
Jrom the numerator of the other fraction, and place the dif-
ference over the common denominator.

E!AHPLE;B.

3
7
3 2 24 14 10_5
7 8 56 56 56 28

1. What is the difference between and —:#-

2. Find the difference of the fractions m2—ba and 2“;;43.

(x— @)X 3c=3cx—3ac

(2a—4z) X 2b=4ab—8bx § the numerstors

Here,

And, 2bx 3¢=6bc the common denominator.
3cx—3ac 4ab—8bz_3cz—3ac-4ab+ 8bx 4
6bc 66c 66c - Ans

3. Required the difference of }%‘? and 3?9: Ans. %{

Hence,

4. Required the difference of 5y and %y Ans. 37Ty

5. Required the difference of ? and -29—:” Ans. _%:;i.

QuesT.—87. How do you subtract fractions ?
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6. Required the difference between

7. Required the difference of

3xr+a

b

Ans

z+a

and

59

(-4
and 7.

dz 4 ad—be
g

2x+47

5

8

Ans

24x+ 8a—10bx—35b

8. Required the difference of 3w+7:i and e——

406 °
x—a
Ans. 2w+c_:c_+z::_—-ab.

CASE VII.

58. To multiply fractional quantities together.

RULE.

If the quantities to be multiplied are mized, reduce them to

a fractional form ; then multiply the numerators together for
a numerator and the denominators together for a denominator.

EXAMPLES.,

1

1 Muliply & of o by 8}

6

We first reduce the com-
pound fraction to the sim-
ple one %, and then the
mixed number to the equiva-
lent fraction 3f; after
which, we multiply the
numerators and denomina-
tors together.

Hence,

Operation.
of 3.3
742
25
8-}=?.
3.2 _75_25
4273 126 42

25
Ans. E.

L
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. bx ¢ . br_a?+bz
2. Multiply a+-;- by T First, a+-;— PR

a’+bzx ¢ a’c+bex
a d~ ad

3. Required the product of 3= and §3. Ans. :’-ai
5 b 5b
x 3z

4. Required the product of -2? and %

Hence, .

Ans.

328
5a
5. Find the continued product of 2—:, 3ab and -321:-

Ans. 9az.

Ans

6. It is required to find the product of b+b§ and -

Ans. a—b—-i-k .

. 22— b2 22 4-b2
7. Required the product of e and e
xt—bt
\ Ars. Fretbe
41 x—1
P and e
axr’?—ar+a22—1
a®+ab :
. ax a? —x?
9. Required the product of a+a_m by parwL
at—a?x?
ar+ar?—a?—a3’

8. Required the product of x4

Ans.

Ans.

Quest.—88. How do you multiply fractions together?
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CASE VIIL

869. To divide one fractional quantity by another,

RULE, .
Reduce the mixed quantities, if there are any, to a fractional
form; then invert the terms of the divisor, and multiply the
Jractions together as in the last case.

EXAMPLES.
. 10 5
1. Divide. . . . 54 by 5
If the divisor were 5, the Operation.
quotient would be {4%. But, 5_ 5x_l_
since the divisor is § of 5, 8~ 78
the true quotient must be 8 10 5 10
times &%, for the eighth of 24" "7 120
a number will be contained 10 80 2
in the dividend 8 times more 120 X8=T50 =73~

than the number itself. In
this operation we have actually multiplied the numerator
of the dividend by 8 and the denominator by 5; that is, we
have inverted the terms of the dwiser and multiplied the fractions
together.

. . b f
2. Divide . . 6—o by 3
i_2ac—-b
=% 2
S _2ac—b _g—_&wg—bg
Hence, a—-2?—g =% F="2F Ans.

Quasr.—89. How do you divide one fraction by another?
6



|
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Tz . . 12 9la
3. Let vy be divided by 3 | Ans. 5o
4% .. 4
4. Let — be divided by Sa. Ans. 35
41 . . 2 41
5. Let - be divided by 3 Ans. wr
x . . z 2
. 6. Let z—_l bedlnded by ?. Ans. ;:f.
5z .. 2a 5bx
7. Let 3 be divided by 3% Ans. 20
x—b .. ex z—b
8. Let T.CT be divided by v. Ans. W.
; xt—bt .. a34-bx
1 b e .
9. Let e " be divided by pov
) Ans. ac-l-f-.
b *—a ®
60a2 426
e T

11 Divide 18¢'—z+5 by a’—%—.
90bc2—5bx+ 5a

Ans. @
.. 8ab b—c
12. Divide 20@3—7&— by 33—7—.
. 20dc3fx3 —8ab
. Ans. T — b de

"\,"
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CHAPTER III

=

Of Egquations of the First Degree.

60. An Eguation is the expression of two equal quanti-
ties with the sign of equality placed between them. Thaus,
@®=a+b is an equation, in which x is equal to the sum of
a and b.

61. By the definition, every equation is composed of two
parts, separated from each other by the sign =. The part
on the left of the sign, is called the first member; and the
part on the right, is called the second member. Each mem-
ber may be composed of one or more terms. Thus, in the
equation x=a+b, x is the first member, and a5 the
second.

62. Every equation may be regarded as the enunciation,
in algebraic language, of a particular question. Thus, the
equation x+x=—30, is the algebraic enunciation of the
following question :

Queer.—60. What is anequation? 61. Of how many parts is every
equation composed? How are the parts separated from each other?
‘What is the part on the left called? What is the part on the right called ?
May each member be composed of one or more terms? In the equation

=gb, which is the first member? Which the second? How many
terms in the first member? How many in the second ?
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To find a number which beng added to itself, shall give a
sum egqual 1o 30.

Woers it required to solve this question, we should first
express it in algebraic language, which would give the
equation

x4 x=30.

By adding 2 to itself, we have

2x=30.

And by dividing by 2, we obtain

x=15.

Hence we see that the solution of a question by algebra
consists of two distinct parts. A
1st. To express algebraically the relation between the known

and unknown guantities.

2nd. To find a value for the unknown quantity, in terms of
those whick are known.

This latter part is called the solution of the equation.

The given or known parts of a question, are represented
either by numbers or by the first letters of the alphabet,
a, b, ¢, &c. The unknown or required parts are repre-
sented by the final letters, z, y, 2, &c.

EXAMPLE.

Find a number which, being added to twice itself, the
sum shall be equal to 24.

Quesr.—82. How may you regard every equation? What question
does the equation z+2z=380 state?! Of how many parts does the solu-
tion of a question by algebra consist? Name them. What is the 2nd
part called? By what are the known parts of a question represented ?
By what are the unknown parts represented ?
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Statement.

Let x represent the number. 'We shall then have
x+2x=24.

This is the statement.

Solution.

Having . . . . x422=24,
weadd . . . . . 242z
which gives . . . 3r=24;
and dividing by 3, . a=8.

63. An equation is said to be verified when the answer
found, being substituted for the unknown quantity, proves
the two members of the equation to be equal to each other.

Thus, in the last equation we found x=8. If we substi-
tute this value for x in the equation

x4+ 20=24,
we shall have 842 x8=8+16=24.
which proves that 8 is the true answer.
"64. An equation involving only the first power of the

unknown quantity, is called an equation of the first degree.
' Thus, 62+32—5=13, )

and ’ ax+bx +¢ =d,

are equations of the first degree.

By considering the nature of an equation, we perceive
that it must possess the three following properties :

QuEest.—63. When is an equation said to be verified? 64. When
an equation involves only the first power of the unknown quantity, what
is it called? What are the three properties of every equation?

6.
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1st. The two members are composed of quantities of the
same kind : that is, dollars —=dollars, pounds —pounds, &c.

2nd. The two members are equal to each other.

3rd. The two members must have the same sign.

65. An axiom is a self-evident truth. We may here
state the following.

1. If equal quantities be added to both members of an equa-
tion, the equality of the members will not be destroyed.

2. If equal quantities be subtracted from both members of
an equation, the equality will not be destroyed.

3. If both members of an equation be multiplied by the same
number, the equality will not be destroyed.

4. If both members of an equation be divided by the same
number, the equality will not be destroyed.

Transformation of Egquations.
66. The transformation of an equation consists in chang-
ing its form without affecting the equality of its members.
The following transformations are of continual use in the
resolution of equations. -

First Transformation.

6'7. When some of the terms of an equation are frac-
tional, to reduce the equation to one in which the terms shall
be entire.

1. Take the equation

2¢ 3 x
—3———4-¢+'E-=11.

Quest.—65. Whatis anaxiom? Namethe four axioms. 66. What
is the transformation of an equation? 7. What is the first transforma-~
tion? What is the least common multiple of eeveral numbers? How
do you find the least common multiple ?
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First, reduce all the fractions to the same denominator,
by the known rule ; the equation then becomes

48r 54z + 12z —11;
72 72 72

and since we can multiply both members by the same num-
ber without destroying the equality, we will multiply them
by 72, which is the same as suppressing the denominator
72, in the fractional terms, and multiplying the entire term
by 72 ; the equation then becomes

48x—54x4122="792,
or dividing by 6 8r— 9x+ 220=132.

But this last equation can be obtained in a shorter way, by

finding the least common multiple of the denominators.
The least common multiple of several numbers is the

least number which they will separately divide without a

remainder. When the numbers are small, it may at once

be determined by inspection. The manner of finding the

least common multiple is fully shown in Arithmetic § 87.
Take for example, the last equation

2x 3 x
3 te=

We see that 12 is the least common multiple of the deno-
minators, and if we multiply all the terms of the equation
by 12, and divide by the denominators, we obtain

82— 924 2x=132.

the same equation as before found.
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) .5, 68. Hence, to make the denominators disappear from an

equation, we have the following

RULE.
1. Find the least common multiple of all the denominators.

I ¢ Multiply each of the entire terms by this multiple, and

each of the fractional terms by the quotient of this multiple
divided by the denominator of the term thus multiplied, and
omit the denominators of the fractional terms.

N

- EXAMPLES.

1. Clear the equation of -;-+%—4=3 of its denomi-

nators. Ans. Tx+52x—140=105.
2. Clear the equation —+———-=8 of its denomi
L. e eq 6 9 271 omi-
nators. Ans. 924 6x—22—=432.

b ‘ . xr xz =z =z .
3. Clear thé equation -§-+?—-§-+1—2_20 of its de-
+  nominators. Ans. 1824 122—4x+32="720.
. . x x & . .
" 4. Clear the equation -5—+—7——-§-=4 of its denomi-
¢ nators. Ans. 142410z —352=280.
5. Clear the equation -}-—%—+%= 15 of its denomi-

nators Ans. 152—12x4102=900.

Queer.—68. Give the rule for clearing an equation of its denomi-
nators. N
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. e x =z = .
6. Clear the equation -4——?+—8—+_9——12 of its de-
nominators. Ans. 18x—122-4 924 82=864.

7. Clear the equation %——%-+f=g.

Ans. ad—bc+-bdf =bdg.
8. In the equation

axr 2c%x 4bc3z  5a3 22

b ab +4a= ad b a 8,

the least common multiple of the denominators is a%2;
hence clearing the fractions, we obtain

a*bx—2abc?x -+ 4002 = 4b3c%x — 5ab 4 2a2b%c2 — 3a%b3.

Second Transformation. 3

69. When the two members of an equation are entire
polynomials, to transpose certain terms from one member to
the other.

1. Take for example the equation
52 —6=842x.

If, in the first place we subtract 2z from both members,
the equality will not be destroyed, and we have

52x—6—22=8.

Whence we see that the term 2z, which was additive
in the second member becomes subtractive in the first.

Quest.—69. What is the second transformation? What do you
understand by transposing a term? Give the rule for transposing from
one member to the other.
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In the second place, if we add 6 to both members, the
equality will still exist, and we have

52-6—22+6=8+46.
Or, since —6 and 46 destroy each other, we have
53—22:8-}-6.

Hence the term which was subtractive in the first mem-
ber, passes into the second member with the sign of
addition.

2. Again, take the equation

ax+b=d—cz.

If we add cz to both members and subtract & from
them, the equation becomes

azr+4-b+cx—b=d—cx+4cx—b.
or reducing ax+cex=d—b.

When a term is taken from one member of an equation
and placed in the other, it is said to be transposed.

Therefore, for the transposition of the terms, we have the
following

RULE.

: Anytermqfanequauonmaybetramposcdﬁommm
ber to the other by changing its sign.

70. We will now apply the preceding principles to the
resolution of equations.
1. Take the equation
4x—3=2x+5.
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-By transposing the terms —3 and 2z, it becomes

4z —2x=>5+3.
Or, reducing 22=8.
Dividing by 2 =§=4. -
Verification.

If now, 4 be substituted in the place of « in the given
equation

42—3=22+35,
it becomes 4X4—3=2x445.
or, 13=13.

Hence, the value of x is verified by substituting it for the
unknown quantity in the given equation.
2. For a second example, take the equation

S5 4z 7 132
23 =y

By making the denominators disappear, we have
¢ 102—322—312=21—52,

or, by transposing )
102 —32z+522=21+312 v
by reducing 302=333 N
333 111
*=730 =10 — 'l

a result which may be verified by substituting it for « in the
given equation.
3. For a third example let us take the equation
(8a—z)(a~b)+2ax=4bx+a).
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Tt is first necessary to perform the multiplications indiea-
ted,’in order to reduce the two members to two polynomials,
and thus be able to disengage the unknown quantity », from
the known quantities. Having done that, the equation
becomes,

3a?—axz—3ab+4-bx+2ar—=4bx+4-4ab,
or, by transposing
—az+bx+2ax—~4bx =4ab+43adb—3a?, _
by reducing ax—3bx ="Tab—3a>.
Or, (Art. 41). (a—3b)a="Tab—3a2
Dividing both members by a—3% we find

7ab—3a® -
a—3b °

Hence, in order to reselve an equation of the first degree,
we have the following general

=

RULE.

L. If there are any denominators, cause them to disappear,
and perform, in both members, all the algebraic operations
indicated ; we thus obtain an equation the two members of
which are entire polynomials.

II. Then transpose all the terms affected with the unknown
guantity into the first member, and all the known terms into
the second member.

II1. Reduce to a single term all the terms involving x :
this term will be composed of two factors, one of which will be
X, and the other all the multipliers of X, connected with their
respective signs.

IV. Divide both members by the number or polynomial by
which the unknown guantity is multiplied.

QuesT.—70. What is the first step in resolving an equation of the
first degree? What the second? What the third? 'What the fourth 2
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EXAMPLES.

1. Given 3z—2-424=31 to find . Ans. x=3.

2. Given z+18=3x—5 to find z. Ans. z:ll%.

8. Given 6—2x+10=20—32—2 to find =.
Ans. x=2.

4. Given z+%w+%z=ll to find . Ans. 2=6.

5. Given 2z—%¢+l=5w—2 tofind =. Ans. z:%.
6. Given su+-“2-—3=bz—a to find .
A 6—3a
A = a—2b
. 2—3 = z—19
7. Given CH 3...20— > to find .
Ans ¢=23%
.. 43 =z 2—5
8. Given T+’3_"4— 7 to find «.
6
Ans ¢=31—8.
. x 3z 4x
9. Given T—-§-+z=-8--—3 to find «.
Ans. 2=4
10. Given 22 _ 2% _4f wtmd =
cdf +-4cd
Ans. 2= 3 i ok
7
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11. Given 8“7_b—-—3-b—2_i=4—b to find a.
P 4 _56+9b—'lc
n =T 16a
. z «—2 @« 13
12. Given ?———3—-+?=-3—' to find «.
Ans. 2=10.

. z x x zx

18. Given 7_T+7—'d_=f to find .
- abedf

bed—acd+abd—abe”’

Nore.—What is the numerical value of x, when a=1,
=2, ¢-=3, d=4, b=5, and f=6.

Ans. =

14. Given 7-—-3——:,)——:-7-12** to find =z.
Ans. =14
15. Given 1—39:5—+4m;2=w+1 to find .
13 11
Ans. x=6.
16. Given m+%+%—%—=2z-—43 to find .
Ans. x=60.
17. Given 2z 435_2 _32;1 to find .
; Ans. x=3.
18 Given 3xz+ bws—-d =z+a tofind @
Ans. z=—%‘%—bi\
19. Given “:b } ;_b: ba:s—a to find .
' 35

“ Ans. c:sa—__z—b.
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20. Find the value of x in the equation

(a+3) (x—d) __ 4ab—b? a?—bx
R S —3a= ~atb 2+ T

Ans, o B30 407 —Gab 4 2
T b (247 ab— %)

Of Questions producing Equations of the First Degree
involving but a single unknown quantity.

-

71. It has already been observed (Art. 62), that the
solution of a question by algebra consists of two distinct
parts: :

1st. To express the conditions of the question algebrai-
cally ; and ’

2d. To disengage the unknown from the known qumﬁties.

We have already explained the manmer of finding the
value of the unknown quantity, after the question has been
stated ; and it only remains to point out the best methods
of putting a question in the language of algebra.

This part of the algebraic solution of a question cannot,
like the second, be subjected to any well defined rule.
Sometimes the enunciation of the question furnishes the
equation immediately ; and sometimes it is necessary to dis-
cover, from the enunciation, new conditions from which an
equation may be formed.

QuesT.—71. Into how many parts is the resolution of a question in
algebra divided? What is the first step? What the second? Which
part has already been explained? Which part is now to be considered ?
Can this part be subjected to exact rulos? Give the general rule for
stating a question

.
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In almost all cases, however, we are enabled to discover

the equation by applying the following
RULE.

Consider the problem solved, and then indicate, by means
of algebraic signs, upon the known and unknown guantities,
the same operations which it would be necessary to perform, in
order to verify the unknown quantity, had it been known.

QUESTIONS.

1. To find a number to which if 5 be added, the sum will
be equal to 9.
Denote the number by .
Then by the conditions
z+5=<9.

This is the statement of the question.
To find the value of x, we transpose 5 to the second
member, which gives
z=9—-5=4.

Verification.
44-5=9.

2. Find a number such, that the sum of one half, one
third, and one fourth of it, augmented by 45, shall be equal
to 448.

Let the required number be denoted by z.

Then, one half of it will be denoted by

one third ” " by

|® w|a |8

'S

one fourth , » by
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And by the conditions,
x 2 x
-2-+-§+-4—+45_448.

. 'This is the statement of the question.
To find the value of x, subtract 45 from both members :
this gives
x X x
—2—+-§-+-4—_403.

By clearing the terms of their denominators, we obtain
: 6x+4x+32x=4836,

or 132=4836.
Hence, : ¢=4—$:—6=372.
Verification.

3;2 + 3;2 + 3:2 +45=186+124+493445=448.
o~
3. What number is that whose third part exceeds its
fourth by 16,

Let the required number be represented by . Then,

-:.;—z: the third part.
%.r: the fourth part.

And by the question

1 1

?a: —Ta‘ =16.

This is the statement. To find the value of 2, we clear
the terms of the denominators, which gives
42—32x=192.
and x=192.
. e
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Verification.
192 192

4. Divide $1000 between A, B and C, so that A shall
have $72 more than B, and C $100 more than A.

Let = B’s share of the $1000.
Then x4 72= A’s share,
and z+172= C’s share,

their sum is 324244 =$1000.
This is the statement.
By transposing 244 we have
32=1000—244="756
and =——7§6 =262= B’s share.
Hence, 24 72 =252+ 72=$324= A’s share.
And x4 172 =2524172=$424= C’s share.

° Verification.
25243244424 =1000.

5. Out of a cask of wine which had leaked away a third
part, 21 gallons were afterwards drawn, and the cask being
then guaged, appeared to be half full: how much did it
hold ?

Suppose the cask to have held & gallons.

Then, -;— what leaked away.

And -‘-;-+ 21= what had leaked and been drawn.
Hence, '%+ 21 =-%-a: by the question.

This is the statement.
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To find «, we have

2x4126=3x,
and — & =—126,
or * = 126,

by changing the' signs of both members, which does not
destroy their equality.

Verification.

336-4-21 =424-21 =63=-—l—2§2'

6. A fish was caught whose tail weighed 975., his head
weighed as much as his tail and half his body, and his body
weighed as much as his head and tail together; what was
the weight of the fish ?

Let 2z= the weight of the body.
Then, 9+x= weight of the head ;
and since the body weighed as much as both head and tail,
2x=9+9+z,
which is the statement. Then,

2x—ar=18 ’and x=18.

Verification.

22=36lb.— weight of the body.
9+4x=27lb.— weight of the head.

9lb.== weight of the tail.

Hence, E: weight of the fish.
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7. The. sum of two numbers is 67 and their difference
19: what are the two numbers ?

Let z=the least number.
Then, z+419= the greater.
and by the conditions of the question
2x419=67.

This is the statement.
To find », we first transpose 19, which gives.

20=67—19=48;
48 ’
hence, x=—2—=24, and =2+419=43.
Verification.
43424=67, and 43—24=19.

Another Solution.

Let x represent the greater number :

tnen, x—19 will represent the least,

and, 22x—19=67, whence 22=67+19;
8

therefore, z=—2§=43,

and consequently x—19=43—19=24.

General Solution of this Problem.

The sum of two numbers is a, their difference is 3.
What are the two numbers ?
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Let = be the least number,
x+b will represent the greater.
Hence, 22+b=a, whence 2z=a—b;

therefore, =

a . b a b
and consequently, x+b.-_--2——-?+b=-§-+?.

As the form of these two results is independent of any
value attributed to the letters ¢ and ), it follows that,

Krnowing the sum and difference of two numbers, we obtain
the greater by adding the half difference to the half sum, and
the less, by subtracting the Aalf difference from half the sum.

Thus, if the given sum were 237, and the difference 99,
2__37+99 237499 336

the greateris ——+—-, or ) =—2—=168;
237 99 138 -
and the least —2—_?, or T=69-
Verification.

168+69=237 and 168—69=99.

8. A person engaged a workman for 48 days. For
each day that he laboured he received 24 cents, and for
each day that he was idle, he paid 12 cents for his board.
At the end of the 48 days, the account was settled, when
the labourer received 504 cents. Reguired the number of
working days, and the number of days he was idle.
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If these two numbers were known, by multiplying them
respectively by 24 and 12, then subtracting the last product
from the first, the result would be 504. Let us indicate
these operations by means of algebraic signs.

Let 2 = the number of working days.
48—z = the number of idle days.
Then, 24 X2 = the amount earned,
and 12(48—x)= the amount paid for his board.
Then, 242—12(48—x)=>504
what he received, which is the statement. Then to find =,
we first multiply by 12, which gives
24z —576+4122=>504.
or, 360=504+ 576 =1080,
:c=1—g(8i—9=30 the working days.

whence, . 48—30=18 the idle days.

Verification.
Thirty day’s labour, at 24 cents '
aday,amountsto . . . . . . 30X24=720 cents.
And 18 day’s board, at 12 cents
aday,amountsto . . . . . . 18x12=216 cents.
The difference is the amount received 504 cents.

General Solution.

This question may be made general, by denoting the
whole number of working and idle days by n.

The amount received for each day he worked by a.

The amount paid for his board, for each idle day. by &.
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And the balance due the laborer, or the result of the
account, by c.

As before, let the number of working days be repre-
sénted by .

The number of idle days will be expressed by n—uz.

Hence, what he earns will be expressed by az.

And the sum to be deducted, on account of his board, by
¥n—uz).

The equation of the problem therefore is
ar—b(n—zx)=c,

which is the statement. To find = we first multiply by 3,
which gives

ax—bn+-bx=c
or, (a+b)x=c +bn
¢ +bn .
whence, == working days.

¢ +bn__ ant-bn—c—bn

and consequently, n—z=n—

a +b — a+b ’
an—c¢ .
or N—r=— = idle days.

Let us now suppose n—=48, ¢=24, =12, and ¢=504.

These numbers will give for x the same value as before °

found.
9. A person dying leaves half of his property to his wife,

one-sixth to each of two daughters, one-twelfth to a servant,
and the remaining $600 to the poor: what was the amount

of his property ?

e e 4
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Represent the amount of the property by 2.

Then, -;—= what he left to his wife,
&= what he left to one dsughter,
and %z% what he left to both daughters,
:—2—_- what he left to his servani.

$600  to the poor.
Then, by the conditions of the question

x z x

the amount of the property, which gives 2=$7200.

10. A and B play together at cards. A sets down with
$84 and B with $48. Each loses and wins in turn, whén
it appears that A has five times as much as B. How much
did A win?

Let x represent what A won.

Then A rose with $84-4- dollams,
and . B rose with $48—=z dollars.

But by the eonditions of the question, we have
844 2=5(48—z),

henee, 844-2=240—5zx;

and, 62=156, .

consequently, z=$26 what A won.
Verification.

84+426=110; 48—-26==22;
110=5(22)=110
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11." A can do a piece of work alone in 10 days, B in 13
days: in what time can they do it if they work together ?
Denote the time by x, and the work to be done by 1.

Then in 1 day A could do Tl(—) of the work, and B could

do -1—15; and in « days A could do ;6 of the work. and
B, :—3: hence, by the conditions of the question

z

-1—0+i-§=l,
which gives 13z+410x=130:

hence,  23x=130, x:i;;i:sg days.

f 12. A fox, pursued by a greyhound, has a start of 60
leaps. He makes 9 leaps while the greyhound makes but
6 ; but, three leaps of the greyhound are equivalent to 7
of the fox. How many leaps must the greyhound make to
overtake the fox?

From the enunciation, it is evident that the distance to
be passed over by the greyhound is composed of the 60
leaps which the fox is in advance, plus the distance that the
fox passes over from the moment when the greyhound starts
in pursuit of him. Hence, if we can find. the expression for
these two distances, it will be easy to form the equation of
the problem. ‘

Let z= the number of leaps made by the greyhound
before he overtakes the fox. .

Now, since the fox makes 9 leaps while the greyhound

makes but 6, the fox will make —2— or —;- leaps while
8
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the greyhound makes 1 ; and, therefore, while the greyhound

makes z leaps, the fox will make —g-z leaps.

Hence, the distance which the greyhound must pass over
will be expressed by 60+—:—z leaps of the fox.

It might be supposed, that in order to obtain the equation,
it would be suficient t0 place = equal to 60+>; bus

in doing so, a manifest error would be committed ; for the
leaps of the greyhound are greater than those of the fox, and
we should then equate numbers of different denominations ;
that is, numbers referring to different units. Hence it is
necessary to express the leaps of the fox by means of those
of the greyhound, or reciprocally. Now, according to the
enunciation, 3 leaps of the greyhound are equivalent to 7
leaps of the fox, then 1 leap of the greyhound is equiva-

lent to % leaps of the fox, and consequently x leaps of

the greyhound are equivalent to ?; of the fox.

Hence, we have the equation

Tx 3
making the denominators disappear

142=36049x,
whence 52=360 and 2=72.

Therefore the greyhound will make 72 leaps to overtako
the fox, and during this time the fox will make

72 x% or 108
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Verification.
The 72 leaps of the greyhound are equivalent to

72x7
3

leaps of the fox. And
' 60+108=168,

=168

the leaps which the fox made from the beginning.

13. A father leaves his property, amounting to $2520, to
four sons, A, B, C, and D. C is to have $360, B as much
as C and D together, and A twice as much as B less
$1000: how much does A, B, and D receive ?

Ans. A $760, B $880, D $520.

‘14. An estate of $7500 is to be divided between a widow,
two sons, and three daughters, so that each son shall receive
twice as much as each daughter, and the widow herself
$500 more than all the children: what was her share, and

what the share of each child ?
Widow’s share $4000.
Am‘.{ Each son’s $1000.
Each daughter’s $500.

15. A company of 180 persons consists of men, women,
and children. The men are 8 more in number than the
women, and the children 20 more than the men and women
together : how many of each sort in the company ?

Ans. 44 men, 36 women, 100 children.

16. A father divides $2000 among five sons, so that each
elder should receive $40 more than his next younger bro-
ther: what is the share of the youngest? Ans. $320.

. 17. A purse of $2850 is to be divided among three per--
sons, A, B, and C. A’s share is to be to B’s as 6 to 11.
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and C is to have $300 more than A and B together: what
is each one’s share ?
Ans. A’s $450, B’s $825, C’s $1575.
+ 18. Two pedestrians start from the same point ; the first
steps twice as far as the second, but the second makes 5
steps while the first makes but one. At the end of a certain
time they are 300 feet apart. Now, allowing each of the
longer paces to be 3 feet, how far will each have travelled?
Ans. 1st, 200 feet; 2nd, 500.
19. Two carpenters, 24 journeymen, and 8 apprentices,
received at the end of a certain time $144. The carpen-
ters received $1 per day, each journeyman half a dollar,
and each apprentice 25 cents: how many days were they
employed ? ' Ans. 9 days.
20. A capitalist receives a yearly income of $2940: four-
fifths of his money bears an interest of 4 per cent, and the
remainder at 5 per cent: how much has he at interest ?
Ars. 70000.
. 21. A cistern containing 60 gallons of water has three
unequal cocks for discharging it; the largest will empty it
in one hour, the second in two hours, and 'the third in three :

in what time will the cistern be emptied if they all run’

together ? Ans. 32fmin.
22. In a certain orchard 4 are apple trees, 4 peach trees,

4 plum trees, 120 cherry trees, and 80 pear trees : how
many trees in the orchard? Ans. 2400.
23. A farmer being asked how many sheep he had,
answered that he had them in five fields; in the 1st he
had 1, in the 2nd %, in the 3rd }, and in the 4th /4, and in
. the 5th 450: how many had he ? : Ans. 1200.
24. My horse and saddle together are worth $132, and
the horse is worth ten times as much as the saddle: what
is the value of the horse ? Ans. 120

-~
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- 25. The rent of an estate is this year 8 per cent greater
than it was last. This year it is $1890 : what was it last

year ? : Ans. $1750.
26. What number is that from which, if 5 be subtracted,
§ of the remainder will be 40 ? Ans. 65.

27. A postis % in the mud, } in the water, and 10 feet
above the water : what is the whole length of the post ?

Ans. 24 feet,

28. After paying 4 and } of my money, I had 66 guineas
left in my purse : how many guineas were in it at first ?

Ans. 120.

29. A person was desirous of giving 3 pence apiece to
some beggars, but found he had not money enough in his
pocket by 8 pence: he therefore gave them each 2 pence
and had 3 pence remaining : required the number of beggars.

Ans. 11.

- 30. A person in play lost 1 of his money, and then won
3 shillings ; afier which he lost } of what he then had;
and this done, found that he had but 12 shillings remaining :
what had he at first? Ans. 20s.
31. Two persons, A and B, lay out equal sums of money
in trade ; A gains $126, and B loses $87, and A’s money

is now double of B’s: what did each lay out ?
Ans. $300.

32. A person goes to a tavern with a certain sum of mo-
ney in his pocket, where he spends 2 shillings; he then
borrows as much money as he had left, and going to another
tavern, he there spends 2 shillings also; then borrowing
again as much money as was left, he went to a third tavern,
where likewise he spent two shillings and borrowed as
much as he had left; and again spending 2 shillings at a
fourth tavern, he then had nothing remaining. What had
he at first? : Ans. 3s. 9d.

8*
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Of Eguations of the First Degree involving two or
more unknown gquantities.

7 2. Although several of the questions hitherto resolved
contained in their enunciation more than one unknown quan-
tity, we have resolved them all by employing but one sym-
bol. The reason of this is, that we have been able, from
the conditions of the enunciation, to express easily the other
unknown quantities by means of this symbol ; but we are
unable to do this in all problems containing more than one
unknown quantity.

To ascertain how problems of this kind are resolved, let
us take some of those which have been resolved by means
of one unknown quantity.

1. Given the sum of two numbers equal to 36 and their
difference equal to 12, to find the numbers.

Let 2= the greater, and y= the less number.

Then, by the 1st condition . . . . . z+4y=36,
and by the 2nd, . . . e e 2—y=12,
By adding (Art. 65, Ax 1), e . . 2x=48.

By subtracting (Art. 65, Ax. 2), . . . 2y==24.

Eachof these equations contains but one unknown quantity.

From the first weobtain . . . . . .,_;4_2_8,_24

And fromthesecond . . . . . . .1=2?4=12.

Verification.
#+y=36 gives 24+412=36.
z—y=12 » 24—-12=12.
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General Solution.
Let = the greater, and y the less number.
Then by the conditions . . . . . . z4y=aq,
and . « o e« . z—y=b.

By adding, (Art. 65, Ax. 1), . . . 2z=a-4b.
By subtracting, (Art. 65, Ax.2), . . 2y=a—b.
Eachof these equations contains but one unknown quantity.

From the first we obtain . . . . . . z=a:b,
’ a—b
And fromthesecond . . . . . . . y= 7
Vm:ﬁcation;
-a-ﬁ a—b =gf=a; and a+b—-a;bé2—b-=b.

2 ] 2 2 2 2

For a second example, let us also take a problem that has

been already solved.

2. A person engaged a workman for 48 days. For each
day that he labored he was to receive 24 cents, and for each
day that he was idle he was to pay 12 cents for his board.
At the end of the 48 days the account was settled, when
the laborer received 504 cents. Required the number of

working days, and the number of days he was idle.

Let z=  the number of working days,
y= the number of idle days.
Then, 2= what he earned,
and 12y= what he paid for his board.
Then, by the conditions of the question, we have
a+y =48,
. and 24z—12y=>504.

This is the statement of the question.
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It has already been shown (Art. 65, Ax. 3), that the two
members of an equation can be multiplied by the same num-
ber, without destroying the equality. Let, then, the first
equation be multiplied by 24, the coeflicient of 2 in thre
second : we shall then have

24z+24y=1152,
24z—12y= 504.
And by subtracting, 36y= 648,

Substituting this value of y in the equation
24c—12y =504, we have 24x—216=504,

which gives
242=504+216=720, and o= 72240 =30,
Verification.
x4+ .y= 48 gives © 30418= 48,

242—12y=504 gives 24Xx30—12Xx18=504.

Elimination.

73. The method which has just been explained of com-
bining two equations, involving two unknown quantities, and
deducing therefrom a single equation involving but one; is
called elimination.

QuEesT.—73. What is elimination? How many methods of elimina-
tion are there? Give the rule for elimination by addition and subtrac-
tion! What is the first step? What the second? What the third ?
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There are three principal methods of elimination :
1st. By addition and subtraction
2d. By substitution.
3d. By comparison.

We will consider these methods separately.

Elimination by Addition and Subtraction.

1. Take the two equations
3x—2y=7
L4 8xz42y—=48.
If we add these two equations, member to member, we
. 112=55.
which gives, by dividing by 11
’ x=5:

and substituting this value in either of the given equations,
we find

y=4.
2. Again, take the equations
8x4-2y=48
3x4-2y=23.
If we subtract the 2nd equation from the first, we obtain
S52=25,
which gives, by dividing by 5
x=5:
and by substituting this value, we find
y=4.
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3. Take the two equations

5z+Ty=43.
11x+49y=69.

If, in these equations, one of the unknown quantities was
affected with the same coefficient, we might, by a simple
subtraction, form a new equation which would contain but
one unknown quantity.

Now, if both members of the first equatlon be multiplied
by 9, the coefficient of y in the second, and the two mem-
bers of the second by 7, the coefficient of y in the first, we
will obtain

452+ 63y =387,
772463y —=483.

Subtracting, then, the first of these equations from the
second, there results

322=96, whence x=3.

Again, if we multiply both members of the first equation
by 11, the coefficient of « in the second, and both members
of the second by 5, the coefficient of « in the first, we will
form the two equations

55x2+4-T7y=473,
55x+445y=345.

Subtracting, then, the second of these two equations from
the first, there results

32y=128, whence y=4.
Therefore z=3 and y=4, are the values of z and y.
Verification.
52+4+7y=43 gives 5x347x4=15428=43;
112+95=69 ,  11x34+9x4=33+36=69.
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The method of elimination just explained, is. called the
method by addition and subtraction. .
To eliminate by this method we have the following

RULE.

1. See whick of the unknown quantities you will eliminate.

II. Make the coéfficient of this unknown quantity the same
in both equatidns, either by multiplication or division.

II1. If the signs of the like terms are the same in both
squations, subtract one equgtion from the other ; but if the
signs are unlike, add them.

EXAMPLES.

4. Find the values of z and y in the equations
3z—y=3,
y+2x="7. .
- Ans. =2, y=3
5. Find the values of x and y in the equations
42—Ty=—22,
Sx+4-2y=37.
Ans. x=5, y=6.
6. Find the values of x and y in the equations

2246y =42,
8.‘3—6y= 3.
Ans. x=44, y=>54.
7. Find the values of « and y in the equations

8x—9y=1.
62 —3y=4a.
Ans. c=§, y:}.

4

v

k™
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8. Find the values of = and y in the equations

14x—15y=12,
7z+ 8y=37.
Ans. £=3, y=2.

9. Find the values of z and y in the equations
1 1
o t3v="5

1 1
3obgv=s
Ans. 2=6, y=9.
10. Find the values of z and y in the equations

1 1
—7—z+?y=4,

r—y=—2.
Ans. z=14, y=16.

11. Says A to B, you give me $40 of your money, and

I shall then have 5 times as much as you will have left.
Now they both had $120: how much had each? -

Ans. Each had $60.

12. A Father says to his son, “twenty years ago, my
age was four times yours ; now, it is just double :” what were
their ages? Father’s 60 years.

Ans. { Son’s 30 years.

13. A Father divides his property between his two sons.
At the end of the first year the elder had spent one quarter
of his, and the younger had made $1000, and their property
was then equal. After this the elder spends $500 and the
younger makes $2000, when it appears the younger has
just double the elder : what had each from the father?

Elder  $4000.
Ans. { Younger -$2000.
Q
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14. If John give Charles 15 apples, they will have the
same number; but if Charles give 15 to John, John will
have 15 times as many wanting 10 as Charles will have
left. How many had each? Ans. { John  50.

Charles 20.

15. Two clerks, A and B, have salaries which are to-
gether equal to $900. A spends 4 per year of what he
receives, and B adds as much to his as A spends. At the
end of the year they have equal sums : what was the salary
of each? A’s=500.

Ans. gB’§=400.

Elimination by Substitution.
7 4. Let us again take the equations
5z-4Ty=43,
. 11x+9y=69.
Find the value of x in the first equﬁtion, which gives
437y

5

b Substitute this value of x in the second equation, and we
ave

ux“;”+w=w,
or, 473 —T7y+ 45y =345,
or, —32y=—138.
Hence, y=4,
and, 3:43_28=3.

9
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This method is called the method by substitution - we
have for it the following
RULE.

Find the value of one of the unknown guantities in either
of the equations, and substitute this value for the same unknown
guantity in the other equatidn : there will thus arise a new
equation with but one unknown quantity.

Remark.—This method of elimination is used to great
advantage when the coefficient of either of the unknown
quantities is unity.

EXAMPLES.

1. Find, by the last method, the values of x and y in the
equations
3z—y=1 and 3y—22=4
Ans. z=1, y=2.
2. Find the values of 2 and y in the equations.

Sy—4xr=—22 and 3y+42=38.
Ans. =8, y=2.

3. Find the values of x and y in the equations

2+8y=18 and y—3z=-—29.
Ans. =10, y=1.

4. Find the values of 2 and y in the equations
Sz—y=13 and 8a:+-—2é—y=29.
Ans. 2=3%, y=4}

Quest.—74. Give the rule for elimination by substitution? Whenis
it desirable to use this method? ’
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5. Find the values of x and y from the equations

_Y_ _z_
102 3 =69 and 10y 7._49.
Ans. =7, y_-—5.

6. Find the values of 2 and y from the equations

1o Y_10 and E4¥=
Ans. z=8, y=10.
e 7. Find the values of 2 and y in the équations
I _Z 45— y_
F—3+5=2 s+L=174.
Ans. =15, y=14.
8 T¥ind the values of 2-and y in the equations

Ans. 2=3%, y=4.

9. Find the values of z and y from the equations

Y _ % 6= z_Y_
. g7 t6=5 ad 5—75=0

Ans. =12, y=16.
10. Find the values of » and y from the equations

y_ 3= ,__ _1y_
A 1=—9 and 5z 49_29.

Ans. 2=6, y="1.

11. Two misers A and B sit down to count over their
money. They both have $20000, and B has three times as

much as A : how much has each?
A.. $5000.

Ans. { B.. $15000.

-
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12. A person has two purses. If he puts $7 into the
first purse, it is worth three times as much as tle second :
but if he puts $7 into the second it becomes worth five
times as much as the first: what is the value of each purse ?

Ans. 1st, $2: 2nd, $3.

13. Two numbers have the following properties : if the
first be multiplied by 6 the product will be equal to the
second multiplied by 5; and one subtracted from the first
leaves the same remainder as 2 subtracted from the second :
what are the numbers ? Ans. 5 and 6.

14. Find two numbers with the following properties :
the first increased by 2 to be 34 times greater than the
second : and the second increased by 4 to be half the first :
what are the numbers ? Ans. 24 and 8.

15. A father says to his son, “ twelve years ago 1 was
twice as old as you are now: four times your age, at that
time, plus twelve years, will express my age twelve years
hence :” what were their ages ? Ans. { Father 72 years.

Son 30 «

Elimination by Comparison.
75. Take the same equations
S5x+T7y=43,
1124-9y=69.
Finding the value of z in the first equation, we have

_ 43Ty
=—

and finding the value of ® in the second, we obtain

69 —9y
11 -

L]
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Let these two values of x be placed equal to each other,
and we have

43—7y _ 69—9y

‘ 5 11
Or, . 473—77y=345—45y;
Or, —32y=—128.
Hence, : y=4.
And, = 69—36 =3.

11

N

This method of elimination is called the method by
<« omparison, for which we have the following

RULE.

I. Find the value of the same wunknown quantity in each
eq uation.

II. Place these values equal to each other ; and a new
equation will arise with but one unknown guantity.
EXAMPLES.

1. Find, by the last rule, the values of x and y in the
equations

y _ ’ _x _
3:c+-3-+6_.42 and y 22_.l‘q.

Ans. z=11, y=15.

Quesr.—78. Give the rule for elimination by comparison ! What is
the firet step? What the second !
9
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2. Find the values of # and y in the equations
J_Z 5= I 44z
T—7+5=6 ad TH4=146.

Ans. =28, y=20.
3. Find the valuesof x and y in the equations

Y 22

10 4+8...1 and 3y—ax=6.

Ans. =9, y=>5.
4. Find the values of # and y in the equations
x+
2y=y—3§.
Ans. 2=2, y=9.

y—3=%z+5 and

5. Find the values of = and y in the equations

y ;” =y—2 and —+—-:c-13
Ans 2=16, y=".
6. Find the valuesof » and y from the equations

yre y—=_ % -
B + 5= 3" and z+y=16.

.Ans. 2=10, y=6.
7. Find the values of  and y in the equations

2x—3y

-1
5 =z—2§, 3—!— =0.

2
Ans. =1, y=3.

. 8. Find the values of 2 and y in the equations

—4 x
y+3e=y+43, y——-=y—=

Ars. =10, y=13.
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9. Find the values of « and y in the equations

4,,_“”2L3f=¢+1s, and 27—y=sz+y+4.
Ans. =9, y=T7.

10. Find the values of 2 and y in the equations

A
Y gg16f, L—2=E

. 1 3 +4_y 16’, 5 2= 5 .
Ans. 2=10, y=20.

:

76. Having explained the principal methods of elimina-
tion, we shall add a few examples which-may be solved by
either; and often indeed, it may be advantageous to use
them all even in the same question.

hd . GENERAL EXAMPLES.

1. Given 2z+43y=16, .and 3z—2y=11 to find the

values of « and y. Ans. 2=5, y=2.
. 2 3y 9 2y_ 61
2. Given ?-{-7_20 + 5 =120 to find the
values of 2 and y. Ans. z—l, y_;

3. Given ;+7y-_—99, and %-+7¢=5l, to find the
values of « and y. Ans. 2=7, y=14.

4. Given

?—12=—-+8 snd —Ll-——s—

to find the values of + and y. Ans. £=60, y=40.
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QUESTIONS.
1. What fraction is that, to the numerator of which, if 1
be added, ts valuo will be -, but if one be added to its
denominator, its value will be -%-'!
Let the fraction be represented by -;—
Then, by the question ,
241 _ 1 x 1

v —? an m:T.
Whence 324+3=y and 4x=y+1.

Therefore, by subtracting,

x—3=1 or z=4.
Hence, 124-3=y;
therefore, . y=15.

2. A market-woman bought a certain number of eggs at
2 for a penny, and as many others, at 3 for a penny ; and
having sold them again altogether, at the rate of 5 for 2d,
found that she had lost 4d: how many eggs had she ?

Let 2r= the whole number of eggs.
Then z= the number of eggs of each sort.
. 1
Then will -§-w= the cost of the first sort,
1
and 3e= the cost of the second sort.

. 4 .
But 5:2:: 2z : -53 the amount for whick the egg
were sold.
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Hence, by the question

1 1 4z
Therefore, 1524102 —24x=120,
or *=120;

the number of eggs of each sort.

3. A person possessed a capital of 30,000 dollars, for
which he drew a certain interest; but he owed the sum of
20,000 dollars, for which he paid a certain interest. The
interest that he received exceeded that which he paid by
800 dollars. Another person possessed 35,000 dollars, for
which he received interest at the second of the above rates ;
but he owed 24,000 dollars, for which he paid interest at
the first of the above rates. The interest that he received
exceeded that which he paid by 310 dollars. Required the
two rates of interest.

Let x and y denote the two rates of interest ; that is, the
interest of $100 for the given time.

To obtain the interest of $30,000 at the first rate, denoted
by x, we form the proportion

30,000:
100 : x : : 30,000 : : 1oox 300z.
And for the interest $20,000, the rate being y,
100 : y :: 20,000 : : 201’:;?)% or 200y.

But from the enunciation, the difference between these
two interests is equal to 800 dollars.
We have, then, for the first equation of the problem,

300z —200y=800.
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By writing algebraically the second condition of the pro-
blem, we obtain the other equation,
350y —2402=310.

Both members of the first equation being divisible by 100,
and those of the second by 10, we may put the following,
in place of them:

3x2—2y=8§, 35y —24x=31.

To eliminate x, multiply the first equation by 8, and then
add it to the second ; there results

19y=95, whence y=5.

Substituting for y, in the first equation, its value, this
equation becomes

3xr—10=8, whence a=6.

Therefore, the first rate is 6 per cent, and the second 5.

. Verification.
$30,000, placed at 6 per cent, gives 300X 6=$1800.
$20,000, » 5 » 200X 5=81000.
And we have 1800—1000=800.

The second condition can be verified in the same manner.

4. What two numbers are those, whose difference is 7,
and sum 33? . Ans. 13 and 20.
- 5. To divide the number 75 into two such parts, that
three times the greater may exceed seven times the less
_ by 15. Ans. 54 and 21.

6. In a mixture of wine and cider, 3 of the whole plus
25 gallons was wine, and } part minus 5 gallons was cider :
how many gallons were there of each? :

Ans. 85 of wine, and 35 of cider.
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7. A bill of £120 was paid in guineas and moidores, and
the number of pieces of both sorts that were used was just
100. 1If the guinea be. estimated at 21s, and the moidore
4t 27s, how many were there of each? Ans. 50 of each.

+ 8. Two travellers set out at the same time from London
and York, whose distance apart is 150 miles. One of them
goes 8 miles a day, and the other 7: in what time will they
meet ? Ans. In 10 days.

9. At a certain election, 375 persons voted for two can-
didates, and the candidate chosen had a majority of 91:
how many voted for each ? )

Ans. 233 for one, and 142 for the other. "h“

10. A person has two horses, and a saddle worth £50.
Now, if the sdddle be put on the back of the first horse, it
will make his value double that of the second ; but if it be
put on the back of the second, it will make his value triple
that of the first. What is the value of each horse ?

: Ans. One £30, and the other £40.

~11. The hour and minute hands of a clock are exactly
together at 12 o’clock : when are they next together ?
Ans. 1hr. 5fmin.
12. A man and his wife usually drank out a cask of beer
in 12 days; but when the man was from home, it lasted
the woman 30 days: how many days would the man alone
be in drinking it? _ Ans. 20 days.
13. If 32 pounds of sea-water contain 1 pound of salt,
how much fresh water must be added to these 32 pounds,
in order that the quantity of salt contained in 32 pounds of
the new mixture shall be reduced to 2 ounces, or } of a
pound ? Ans. 2241b.
14. A person who possessed 100,000 dollars, placed the
greater part of it out at 5 per cent interest, and the other
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at 4 per cent. The interest which he received for the whole
amounted to 4640 dollars. Required the two parts.
— Ans. 64,000 and 36,000
15. At the close of an election, the successful candidate
had a majority of 1500 votes. Had a fourth of the votes
of the unsuccessful candidate been also given to him, he
would have received three times as many as his competitor
wanting three thousand fivehundred : how many votes did
each receive ? Ans { 1st, 6500.
2d, 5000.
16. A gentlemen bought a gold and a silver watch, and

a chain worth $25. When he put the chain on the gold

watch, it was worth three and a half times more than the
silver watch ; but when he put the chain on the silver watch,
it was worth one half the gold watch and 15 dellars over :
what was the value of each watch?
Gold watch $80.
Ans. { Silver ,, $30.
17. . There is a certain number expressed by two figures,
which figures are calléd digits. The sum of the digits is
11, and if 13 be added to the first digit the sum will be three
times the second : what is the number ? Ans. 56.
" 18. From a company of ladies and gentlemen 15 ladies
retire ; there are then left two gentlemen to each lady.
After which, 45 gentlemen depart, when there are left 5

ladies to each gentleman : how many were there of each at

first ? 50 gentlemen.
Ans. { 40 ladies.

19. A person wishes to dispose of his horse by lottery. \

1f he sells the tickets at $2 each, he will lose $30 on his

horse ; but if he sells them at $3 each, he will receive $30 °

more than his horse cost him. What is the value of the
horse and number of tickets ? A gHorse . .. $150.
ns . :

No. of tickets 60.

- — A
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20. A person purchases a lot of wheat at $1, and a lot of
Tye at 75 cents per bushel, the whole costing him $117,50.
He then sells 4 of his wheat and } of his rye at the same
rate, and realizes $27,50. How much did he buy of each?

Ans. § 80bu. of wheat.
50bu. of rye.

Egquations tnvolving three or more unknown quantities.

77. Let us now consider the case of thi'ee equations
involving three unknown quantities.
Take the equations

Ba—6y+4s=15,
7x44y—33=19,
2z+ y-+62=46.

To eliminate z by means of the first two equations, mul-
tiply the first by 3 and the second by 4; then, since the
coefficients of z have contrary signs, add the two results
" together. This gives a new equation :

432—2y=121.

Multiplying the second equation by 2, a factor of the co-
efficient of z in the third equation, and adding them together,

we have
16249y =84. \

The question is then reduced to finding the values of z
and y, which will satisfy these new equations.

Now, if the first be multiplied by 9, the second by 2, and
the results be added together, we find

4192=1257, whence 2z=3.
10
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We might, by means of the two equations involving =
and y, determine y in the same way we have determined = ;
but the value of y may be determined more simply, by ob-
serving that the last of these two equations becomes, by
substituting for « its value found above,

84—48

9 =4.

484 9y=84, whence y=

In the same manner the first of the three proposed equa-
tions becomes, by substituting the values of « and y,

15—244-4z=15, whence ,=34i= .

Hence, to solve equations containing three or more un-
known quantities, we have the following

RULE.

1. To eliminate one of the unknown quantities, combine any
one of the equations with each of the others ; there will thus be
obtained a series of new equations containing one less unlmoum
quantity.

I1. Eliminate another unknown quantity by combining one
of these new equations with the others.

II1. Continue this series of operations until a single equa-
tion containing but one unknown quantity is obtained, from
which the value of this unknown quantity is easily found.
Then, by going back through the series of equations which have
been obtained, the values of the other unknown guantities may
be successively determined.

QuxsT.—77. Give the general rule for solving equations involving
three or more unknown quantities? What is the first step? What the
second? What the third?

fl
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78. Reuark.—It often happens that each of the pro-
posed equations doesnot contain all the unknown quantities.
In this case, with a little address, the elimination is very
quickly performed.

Take the four equations mvolvmg four unknown quantities :

(1.) 2x—3y+2s=13. (3) 4y+2s=14.
) 4u—22=30. (4) 5y+3u=32.

By inspecting these equations, we see that the elimina~
tion of s in the two equations, (1) and (3), will give an
equation involving » and y; and if we eliminate u in
the equations (2) and (4), we shall obtain a second equation,
involving # and y. These two last unknown quasutities
may therefore be easily determined. In the first place, the
elimination of 2 in (1) and (3) gives

Ty—2z=1;
That of u in (2) and (4), gives
20y+4-6x=38.
Multiplying the first of these equations by 3, and adding,
4ly=41;
Whence v oy= 1.
Substituting this value in 7y—2z=1, we find
z=3.
Substituting for x its value in equation (2), it becomes
4u—6=30: '
Whence ¥=9.

And substituting for y its value in equation (8), there
results s=5. :
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EXAMPLES.
2+ y+ =29
1. Given o+ 29+ 32=62 1 ¢ find #, y and =.
1 1 1
Ans. =8, y=9, s=12.
2x+4 4y— 32=22
2. Given 4x— 2+ 53=18 ; tofind 2, y and s.

6z4 7y— 2=63
‘Ans. 2=3, y=17, s=4.

1 1
c+?y+-§z_32

8. Given %a:+%y+%-s£l5 to find z, y and s.
1

1 1
Tz+?y+?z_l2

=\ Ans. x=12, y=20, s=30.

4. Divide the number 90 into four such parts that the
first increased by 2, the second diminished by 2, the third
multiplied by 2, and the fourth divided by 2, shall be equal
to each other.

This question may be easily solved by introducing a new
unknown quantity.

Let 2, y, 2z, and u, be the required parts, and desig-
nate by m the several equal quantities which arise from
the conditions. We shall then have

e4-2=m, y—2=m, 2z=m, -;—‘-:u.
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From which we find
2=m—2, y=m+2, s=%, u=2m.
And by adding the equations,
e+y+atu=mimtZ+Im=4m.

And since, by the conditions of the question, the first
member is equal to 90, we have

44m=90, or $m=90;
hence m=20.

Having the value of m, we easily find the other values :
viz.

=18, y=22, 2=10, u=40. -—

5. There are three ingots composed of different metals
mixed together. A pound of the first contains 7 ounces of
silver, 3 ounces of copper, and 6 of pewter. A pound of
the second contains 12 ounces of silver, 3 ounces of cop-
per, and 1 of pewter, A pound of the third contains 4
ounces of silver, 7 ounces of copper, and 5 of pewter. It
is required to find how much it will take of each of the
three ingots to form a fourth, which shall contain in a
pound, 8 ounces of silver, 33 of copper, and 4} of pewter.

Let z, y, and  represent the number of ounces which it
is necessary to take from the three ingots respectively, in
order to form a pound of the required ingot. Since there
are 7 ounces of silver in a pound, or 16 ounces, of the
first ingot, it follows that one ounce of it contains ¢’z of an
ounce of silver, and consequently in a number of ounces

denoted by z, there is Z—; ounces of silver. In the same

10°
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manner we would find that l2y

ber of ounces of silver taken from the second and third, to

form the fourth ; but from the enunciation, one pound of this

fourth ingot contains 8 ounces of silver. We have, then,
- for the first equation,

Te, 12y 45
l6+ +

or, making the denominators disappear,
7e+412y+42=128.

and — 6’ express the num-

As respects the copper, we should find
32+ 3y+72=60,
and with reference to the pewter
. 62+4-y-+52=68.
As the. coefficients of y in these three equations, are
the most simple, it is most convenient to eliminate this un-
known quantity first.

Multiplying the second equation by 4, and subtracting
the first, we have

5x4-242=112.
Multiplying the third equation by 3, and subtracting the
second from the product,
15x+-82=144.

Multiplying this last equation by 3, and subtracting the
preceding one from the product, we obtain
402=320,

whencse e=8.
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Substitute this value for « in the equation
152+82=144;
it becomes 1204-82=144,
whence - z=3.
Lastly, the two values =8, =3, being substituted in
the equation
6z+y+52=68,
give 48+y+15=68,
whence y=>5. :

Therefore, in order to form a pound of the fourth ingot,
we must take 8 ounces of the first, 5 ounces of the second,
and 3 of the third.

Verification.
If there be 7 ounces of silver in 16 ounces of the first

ingot, in 8 oumces of it,there should be a number of ounces
of silver expressed by

7x8
16 °
In like manner,
12x5 and 413.
16 . 16

-will express the quantity of silver contained in 5 ounces of
the second ingot, and 3 ounces of the third.
Now, we have

7x8, 12x5 4x3_ 128
16 16 ' 16 ~ 16
therefore, a pound of the fourth ingot contains 8 ounces of

silver, as required by the enunciation. The same condi-
tions may be verified relative to the copper and pewter. -

8;
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6. A’s age is double B’s, and B’s is triple of C’s, and the
sum of all their ages is 140. What is the age of each?
Ans. A’s=84, B’s=42, and C’s=14.
7. A person bought a chaise, horse, and harness, for
£60 ; the horse came to twice the price of the harness,
and the chaise to twice the price of the horse and harness.
What did he give for each ?
. £13 6s. 8d. for the horse.
Ans. § £ 6 13s. 4d. for the harness.
£40 for the chaise.
8. To divide the number 36 into three such parts that
4 of the first, } of the second, and } of the third, may be
all equal to each other. Ans. 8,12, and 16.
“ 9. If A and B together can do a piece of work in 8 days,
A and C together in 9 days, and B and C in ten days ; how
many days would it take each to perform the same work
alone ? Ans. A 1434, B 1733, C 234;.
¢ 10. Three persons, A, B, and C, begin to play together,
having among them all $600. At the end of the first game
A has won one-half of B’s money, which, added to his own,
makes double the amount B had at first. In the second
game, A loses and B wins just as much as C had at the
beginning, when A leaves off with exactly what he had at
first. How much had each at the beginning ?

- Ans. A $300, B $200, C $100.

-

11. Three persons, A, B, and C, together possess $3640.
If B gives A $400 of his money, then A will have $320
more than B ; but if B takes $140 of C’s money, then B
and C will have equal sums. How much has each?

. Ans. A $800, B $1280, C $1560.

12. Three persons have a bill to pay, which neither
alone is able to discharge. A says to B, « Give me the
4th of your money, and then I can pay the bill.” B says
to C, “ Give me the 8th of yours, and I can pay it. But
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C says to A, “ You must give me the half of yours before
I can pay it, as I have but $8.” What was the amount of
their bill, and how much money had A and B?
4 { Amount of the bill, $13.
" LA had $10, and B $12.
13. A person possessed a certain capital, which he placed
out at a certain interest. Another person, who possessed
10000 dollars more than the first, and who put out his capi-
tal 1 per cent. more advantageously, had an income greater
by 800 dollars. A third person, who possessed 15000 dol-
lars more than the first, putting out his capital 2 per cent.
more advantageously, had an income greater by 1500 dollars.
Required the capitals of the three persons, and the rates of
interest.
A { Sums at interest, $30000, 40000, 45000.
ns. .
~ ¢ Rates of interest, 4 5 6 pr. ct.
14. A widow receives an estate of $15000 from her de-
ceased husband, with directions to divide it among two sons
and three daughters, so that each son may receive twice as
much as each daughter, and she herself to receive $1000
more than all the children together. What was her share,
and what the share of each child ? ‘
The widow’s share, $8000.
Ans. % Each son’s, 2000.
Each daughter’s, 1000.
15. A certain sum of money is to be divided between
three persons, A, B, and C. A is to receive $3000 less
than half of it, B $1000 less than one third part, and C to
receive $800 more than the fourth part of the whole. What
is the sum to be divided, and what does each receive ?
Sum, $38400.
A receives 16200.
B , 11800.
c 10400

Ans
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- CHAPTER IV.

Of Powers.

79. If a quantity be multiplied several times by itself,
the product is called the power of the quantity. Thus,

a=a is the root, or first power of a.
aXa=a* is the square, or second power of a.
axaxa=a® is the cube, or third power of a.
aXaxaxXa=a* is the fourth power of a.
axaxaxaXxa=a® is the fifth power of a.

In every power there are three things to be considered

1st. The quantity which is multiplied by itself, and which
is called the root or the first power.

2nd. The small figure which is placed at the right, and
a little above the letter. This figure is called the exponent
of the power, and shows how many times the letter enters
as a factor.

3rd. The power itself, which is the final product, or
result of the multiplications.

Quest.—79. If a quantity be continually multiplied by itself, what is
the product called? How many things are to be considered in everv
power? What are they!

it ————— -
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For example, if we suppose a=3, we have

a= 3 the root, or 1st power of 3.
a?=32=3x3= 9 the second power of 3.
a*=33=3 X3x3= 27 the third power of 3.
a*=34=3 X3 X3x3= 81 the fourth power of 3.
a®=35=3 X3 X3 X3 x3=243 the fifth power of 3.

In these expressions, 3 is the root, 1,2, 3, 4 and 5 are
the exponents, and 3, 9, 27, 81 and 243 are the powers.

.

To raise monomzals to any power.

80. Let it be required to raise the monomial 24%3 to
the fourth power. We have

(2a302)t =242 X 2a%b% X 2a%0% X 24302,

which merely expresses that the fourth power is equal to
the product which arises from writing the quantity four
times as a factor. By the rules for multiplication, this pro-
duct becomes

(20%7)+ =24a3+3+3+33+3+3+3 - 94q13p8 ;

from which we see,
1st. That the coefficient 2 must be raised to the 4th
power; and, _
2nd. That the exponent of each letter must be multiplied
by 4, the exponent of the power.

As the same reasoning would apply to every example,
we have, for the raising of monomials to any power, the

following



120 PFIRST LESSONS IN ALGEBRA.

RULE
L. Raise the coefficient to the required power.

11. Multiply the exponent of each letter by the exponent of
the power.

EXAMPLES,
1. What is the square of 3a’y5 ? Ans. 9atyS.
2. What is the cube of 6a’y?x? Ans. 216a'5y8x3,

3. What is the fourth power of 2a%y3°?
Ans. 16a12%y12520,

4. What is the square of a2%y°? Ans. a*b1%5,
5. What is the seventh power of a%bed?.?

Ans. a*b’c'd@?,
6. What is the sixth power of a?6%2d? Ans. al2b18c12e,

7. What is the square and cube of —2a25??

Sguare. Cube.
—2a?}? —2a25%
—2a%h? —2a%?
4o +aa%
- ‘ —2a%h?
-~ 84858,

By observing the way in which the powers are formed,
we may conclude,
1st. When the root is positive, all the powers will be positive.

2nd. When the root is negative, all the even powers will be
positive and all the odd powers negative.

QursT.—80. What is a monomial? Give the rule for raising a
monomial to any power. When the root is positive, how will the powers
be? When the root is negative, how will the powers be !

-
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. What is the square of —2a55? Ans. 44%10,
. What is the cube of —5a%y%?  Ans. —125a%y53.
10.

What is the eighth power of —a3xy??
Ans. +a%zy'S,
What is the seventh power of —a?ya22 ? .
Ans. —altyTaM,
What is the sixth power of 2abSy® ?
; Ans. 64a85%y™,
What is the ninth power of —ecdx?y3 ?
' " Ans. —codoz1%y%,
What is the sixth power of — 3ab%d ?
Ans. 7294851248,
What is the square of —10a202¢3?  Ans. 100a¢b4c®.
What is the cube of —9af5%d%f2 ?
' Ans. —T729418p15d3f6,
What is the fourth power of —4a5b%*d5 ?
Ans. 256a20512¢184%0,

‘What is the cube of —4a2b2%c3d ?
Ans. —64a%b8c0d3.

What is the fifth power of 2¢%%zy ?
Ans. 32415510258,

What is the square of 20xtyicS ?  Ans. 400z%y5c10,

What is the fourth power of 34252¢3?
Ans. 81a°h%12,

What is the fifth power of — ¢2d®z%y3? ?
' Ans, — 10415210410,
What is the sixth power of —ac?df ?
Ans. aci?deéfs.
What is the fourth power of —2a%3d® ?
Ans. 16a%d'3.
11
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To raise Polynomials to any power.

81. The power of a polynomial, like that of 2 mono-
mial, is obtained by multiplying the quantity continually by
itself. Thus, to find the fifth power of the binomial a3,
we have

a4+ 5 . . . . . . . . lstpower.
a+ b
a4 ab

+ ab+52
a®42b 4+ . . . . . . 2nd power.
a4+ b
a®4-2a%+4 ab?

+ a?b+ 2ab? 4+ B3
a®+3a2b+ 3ab2 + B . . . 3rd power.
a+ b
at4-3a%b4 3a2024 abd

+ a%b+4 3a20%24-3ab3 4 B
a*+4a3+ 62?02+ 4ab® 4 b 4th power.
a+ b
ab44atb+4 6a3b?4 4a?b34 abt

+ a*db+4 443024 64203+ 4ab*+-3°
a®+5atb+10a3b24- 104263 4-5ab* b5 Ans. -

Remark.—8%2. It will be observed that the number of
multiplications is always 1 less than the units in the expo-

g

Quesr.—81. How is the power of a polghomial obtained.
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nent of the power. Thus, if the exponent is 1, no multipli-
cation is necessary. If it is 2, we multiply once; if it is
3, twice; if 4, three times, &c. The powers of polyno-
mials may be expressed by means of the exponent. Thus,
to express that a+-b is to b raised to the 5th power, we write

i (a+b)6’
which expresses the fith power of a+-b.
. 2. Find the 5th power of the binomial ¢—b&.

a—b . . . . . . . . lstpower.
a— b
a*— ab -

— ab 452
a®—2ab 4+ . . . . . . 2ndpower.
a— b
a3—2a% 4 ab®

— a®h+4 2ab? —B3
a®—3a?h+ 3ab? —b° . . . 3rd power.
a— b ’
at—3a%+4 3a%h2— ab? .

— a3+ 3a%b%— 3abd 4+ bt
at—4a3b+ 6a?b2— 4ab® 4 b* 4th power.
a— b
a®—4ath4 6a3b2— 44?203+ abt

— atb+4 4a302— 6a?b3+4abt—b5
a®—5a*b+ 10a3p2—10a2b34-5ab*—b° Ans .

Quzst.—82. How does.the number of multiplications compare with
the exponent of the power? If the exponent is 4, how many multipli-
cations?
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3. What is the square of 5a--2¢ +d.
S5¢ — 2¢c + d
5¢ — 2 + d
25a2—10ac+ Sad
—10ac+ 4c2 —2cd
+ 5ad—2cd+ d?
2542 —20ac+10ad+-4c2 —4cd+-d* Ans.

4. Find the 4th power of the binomial 3a—25.

3a— 2. . . . . . . . lst power
3a — 20
9a*— 6ab

— 6ab+452
94— 12ab446> . . . . . 2nd power.
3¢ — 2

27a3— 36a2b+12ab®

— 18a%b+4-24ab%— 853
27a3— 54a%+4-36ad>— 8b° . . 3rd power.
3a — 2
8la*—162a3%b 4 1084252 —24ab3

— 544341084252 —72ab%+ 165¢
81a*—2164%b421642b2—96ab’+ 1604 Ans.

5. What is the square of the binomial a+1?

Ans. a*+2a+41.
6. What is the square of the binomial a—1?

Ans. a®*—2a+41.

7. What is the cube of 9a—3b?
Ans. 729a3—"729a%b+4243ab?—2733.
8- What is the third power of ¢a—1?
Ans. a®*—3a2+3a—1.

i
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9. What is the 4th power of z—y?
Ans. z*—4a’y+6x*y>—4xy>+yr.
10. What is the cube of the trinomial &+y+2?
Ans. z3+ 322+ 3222+ 3xy?+ 3x23+ 3y22 4 3y22 4 Bxys
+y3+23
11, What is the cube of the trinomial 24?—4ab-+352?
Ans. 8a8—48a%b4 1324452 —2084%h3-}- 19842b*—108ab®
42788, :

To raise a Fraction to any Power.

83. The power of a fraction is obtained by multiplying
the fraction by itself ; that is, by multiplying the numerator
by the numerator, and the denominator by the denominator.

Thus, the cube of —Z-, which is written

G =ix5x5=%

is found by cubing the numerator and denominator sepa-

rately.

a—c

b+c

We have ~
a—c\* _(a—c)® _ a®—2ac+c?
b+c) T (B4 T B+42bc+c?

i Y 4
3. What is the cube of e | Ans.

?

2. What is the square of the fraction

Ans

%y
27533 °

Quzsr.—88. How do you find the power of a fraction?
11*
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ab3c
i 27C 4
4. What is the fourth power of bRk
arbBct
Ans. ToaE

5. What is the cube of ——¥?
x+y

IR A
a3+ 3a?y+ 3xy?+y3

. 2ax at
ol ) —
6. What is the fourth power of day | fbw' Tog"
. ; 9bea boc5al
7. What is the fifth power of T8ys 1 Ans. Ty
8. What is the. scl-ua;re' of 22794 ’
by-—x

a%x? —Q2axy-y2

. Ans. bzyz—-2::Z+Zz )
2a—36
Tat32y !
Ans 8a%-—36a%b 4 54ab2—2753
a3+46a?y 4 122y%+48y3 °

9. What is the cube of

Binomial Theorem.

84. The method which has been explained of raising a
polynomial to any power, is somewhat tedious, and hence
other methods, less difficult, have been anxiously sought
for. The most simple which has yet been discovered, is

the one invented by Sir Isaac Newton, called the Binomial

Theorem.

QuesT.—84. What is the object of the Binomial Theorem? Who
discovered this theorem ?
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85. In raising a quantity to any power, it is plain that
there are four things to be considered :—

1st. The number of terms of the power.

2nd. The signs of the terms., °

3rd. The exponents of the letters.

4th. The coefficients of the terms.

Of the Terms.

86. If we take the two examples of Article 81, which
we there wrought out in full ; we have
(a+b)°=a’+ 5a*b+ 10462+ 106203 Sabt+-b° ;
(a—b)>=a’—5a*b+ 10432 — 104234 5abt — b5

By examining the several multiplications, in Art. 81, we
shall observe that the second power of a binomial contains
three terms, the third power four, the fourth power five, the
fifth power six, &c; and hence we may conclude— That
the number of terms in any power of a binomial, ts one greater
than the exponent of the power.

Of the Signs qf the Terms. -

87. It is evident that when both terms of the given bi-
nomial are plus, all the terms of the power will be plus.

2nd. If the second term of the binomial is negative, then
all the odd terms, counted from the left, will be positive, and
all the even terms negative.

QuesT.—88. In raising a quentity to any power, how many things
are to be considered? What are they!'—86. How many terms are
there in any power of a binomial? If the exponent is 8, how many
terms? If it is 4, how many terms? If 57 &c.—87. If both terms
of the binomial are positive, how are the terms of the power? If the
second term is negative, how are the signs of the terms?
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Of the Ezponents.

88. The letter which occupies the first place in a bino-
mial, is called the leading letter. Thus, a is the leading
letter in the binomials a5, a—b.

1st. It is evident that the exponent of the leading letter
in the first term will be the same as the exponent of the
power ; and that this exponent will diminish by unity in
each term to the right, until we reach the last term, which
does not contain the leading letter. '

2nd. The exponent of the second letter is 1 in the second
term, and increases by unity in each term to the right,
until we reach the last term, in which the exponent is the
same as that of the given power.

3rd. The sum of the exponents of the two letters, in any
term, is equal to the exponent of the given power. This
last remark will enable us to verify any result obtained by
the binomial theorem. .

Let us now apply these principles in the twa following
examples, in which the coefficients are omitted :—

(a+5)8 . . . a®+a®h+4a*b?+ a%h3+ a?bt 4 abs+ b8,
(a—b)8 . . . a®—a®b+atb?—adb®+ a?b*—ab®+-B8.
As the pupil should be practised in writing the terms with-

out the coefficients and signs, before finding the coefficients,
we will add a few more examples.

QuesT.—88. Which is the leading letter of the binomial? What is
the exponent of this letter in the first term ? How does it change in the
terms towards the right 7 'What is the exponent of the d letter in
the second term? How does it change in the terms towards the right?
‘What is it in the last term?° What is the sum of the exponents in any
term equal to?
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1. (a+5)® . . a+a%+ab24.03.

2. (a—b)* . . a*—a3b+a?b2—ab3+bt.

3. (a+5)° . . a%+ a*b+ aPb2+a2b3+-abt+-B5.

4. (a—3)" . . a"—a%b+-a%h%—atb® 4 a3bt—a2bP+4-abt—b7.

>

Of the Coefficients.

89. The coefficient of the first term is unity The co-
efficient of the second term is the same as the exponent of
the given power. The coeflicient of the third term is found
by multiplying the coefficient of the second term by the
exponent of the leading letter, and dividing the product Ly
2. And finally—If the coefficient of any term be multiplied
by the exponent of the leading letter, and the product divided
by the number which marks the place of that term from the
left, the quotient will be the coefficient of the next term.

Thus, to find the coefficients in the example
(a—bd) . . . a'—a®b+a%h>—a*b*-} a%b* — a?b%+4-ad’- b’

we first place the exponent 7 as a coefficient of the second
term. Then, to find the coeflicient of the third term, we
multiply 7 by 6, the exponent of @, and divide by 2. The
.quotient 21 is the coefficient of the third term. To find the
coefficient of the fourth, we multiply 21 by 5, and divide
the product by 3 : this gives 35. To find the coefficient of
the fifth term, we multiply 35 by 4, and divide the product
by 4 : this gives 35. The coelicient of the sixth term,
found in the same way, is 21 ; that of the seventh, 7 ; and
that of the eighth, 1. Collecting these coefficients, we -
have

(a—b)'=
o7 —7a% 21%3— 350453+ 3594 —21 %8 4 Tabs — b7,
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Rexarx.—We see, in examining this last result, that the
coefficients of the extreme terms are each unity, and that
ihe coefficients of terms equally distant from the extreme
terms are equal. It will, therefore, be sufficient to find the
coefficients of the first half of the terms, from which the
others may be immediately written.

EXAMPLES.

1. Find the fourth power of a+ 5.
Ans. a*+4a3b+6a2b?+44ad3 4L,
2. Find the fourth power of a—b.
i Ans. a*—4a3b-+6a%b2—4ab3+4 b4,
3. Find the fifth power of a+45.
Ans. a®+ 5a*b+10a3b2+ 104253+ 5abt+- b5.
4. Find the fifth power of a—b.
Ans. a®—5a*b+10a3? —10a2b%+ 5ab*—b5.
5. Find the sixth power of a+-b.
Ans. a®+6a%b+15a*b2+20a%%+- 1542b4+ 6ab5+ B8,
6. Find the sixth power of a—b.
Ans. a8—6a%b+15a*53—200%h3+ 1542b* —6abs 4 88,
7. Let it be required to raise the binomial 3a2c—2d to
the fourth power.

It frequently occurs that the terms of the binomial are
affected with coefficients and exponents, as in the above

Quest.—89. What is the coefficient of the first term? What is the
coefficient of the second? How do you find the coefficient of the third
term? How do you find the coefficient of any term? What are the
coefficients "of the first and last terms? How are the coefficients of
terms equally distant from the extremes?
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example. In the first place, we represent each term of the
binomial by a single letter. Thus, we place
3a%=2, and —2bd=y,
" we then have
(x+y) =24+ 42y+ 622>+ day’+ y*.
But, a2=9a%c?, 23=27a%3, a*=8laSct;
and Y2=48d?, y3=—8b3d®, y*=16b4d"
Substituting for  and y their values, we have
(3a.:—2bd)4=(3a’c)4+4(3azc)3(—2bd) +6 (3a%)? (—2bd)?
+4(3a%) (—2bd)34(—2bd)*,
and by performing the operations indicated,
(38 —2bd)* =81abct —216a°cbd + 216atc?b2d? —96a%ch’d®
ST 7% 1)
8. What is the square of 3a—65?
Ans. 9a*—36ab- 3652
9. What is the cube of 3x—6y ?
Ans. 272—162a%+3242y?—216%.~
10. What is the square of z—y ? ’
Ans. x3—2zy+y3.
11. What is the eighth power of m+n ?
Ans. m8+8m'n 4 28m8n’-56mdnd + TOm*nt+ 56m3ns,
+-28m2n8+4-8mn"+4n8.
12. What is the fourth power of 4—357 -
Ans. a*—12a%+ 54a*b3—108ab34- 8154,
13. What is the fifth power of ¢—2d ?
Ans. ¢8—10c*d+40c3d?—80c2d3+- 80cd* —32d°5.
14. What i the cube of 5a—3d?
Ans. 1256%—225a%d+135ad?—27d°.

#
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Remarx. The powers of any polynomial may easily be
found by the Binomial Theorem.
15. For example, raise a+4b+c to the third power.

First,put . . . . b4c=d.
Then, (a+b+c)}=(a+d)*=a3+34?d+ 3ad?+d3.
Or, by substituting for the value of d,

(a+b+c)3=a3+43a?b+ 3ab?4 83
3a%c 4 3b%c+-6abe
+ 3ac?+3bc?
+ .
This expression is composed of the cubes of the three
terms, plus three times the square of each term by the first

powers of the two others, plus six times the product of all
three terms. It is easily proved that this law is true for any
polynomial.

To apply the preceding formula to the development of
the cube of a trinomial, in which the terms are affected
with coefficients and exponents, designate each term by a
single letter, then replace the letters introduced, by their values,
and perform the operations indicated.

From this rule, we find that

(2% —4ab 4 352)3 =Ba® —48ash+ 1320453 — 2084%°
+19842b* — 108485+ 2785.

The fourth, fifth, &c, powers of any polynomial can be
found in a similar manner. a
16. What is the cube of a—2b+c¢?
Ans. a®—8b34-c3—6a*b+ 3a%c+ 12ab2 4 12b%c+ Bac?
~6bc3—12abe.
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CHAPTER V.

Extracrion of the Square Root of Numbers. Forma-
tion of the Square and Eutraction of the Square
Root of Algebraic Quantities. Calculus of Radicals
of the Second Degree.

90. The square or second power of a number, is the
product which arises from multiplying that number by itself
once : for example, 49 is the square of 7, and 144 is the
square of 12.

91. The square root of a numbet is that number which, .
being multiplied by itself once, will produce the given num.
ber. Thus, 7 is the square root of 49, amd 12 the square
root of 144 : for, 7X7=49, and 12 x 12=144,

92. The square of a number, either entire or fractional,
is easily found, being always obtained by multiplying this
number by itself once. The extraction of the square root
of a number is, however, attended with some difficulty, and
requires pgrticular explanation.

QuxsT.—00. What is the square, or second power of a number 1=
01. What is the square root of a number ?
13
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The first ten numbers are.

1, 2, 3, 4, 5, 6, 7, 8 9, 10;
and their squares,

1, 4, 9, 16. 25, 36, 49, 64, 81, 100;

and reciprocally, the numbers of the first line are the square
roots of the corresponding numbers of thé second. We
may also remark that, the square of a number expressed by a
single figure, will contain no figure of a higher denomination
than tens.

The numbers of the last line, 1, 4, 9, 16, &c, and all
other numbers which can be produced by the multiplication
of a number by itself, are called perfect squares. ’

It is obvious that there are but nine perfect squares among
all the numbers which can be expressed by one or two
figures : the square roots of all other numbers expressed
by one or two figures, will be found between two whole
numbers differing from each other by unity. Thus 55,
which is comprised between 49 and 64, has for its square
reot a number between 7 and 8. Also 91, which is com
prised between 81 and 100, has for its square root a number
between 9 and 10.

93. Every number may be regarded as made up of a
certain number of tens and a certain number of units.
Thus 64 is made up of 6 tens and 4 units, and may be ex
pressed under the form 60+4.

Quzer.—92. What will be the highest denomination of the square
of a number expressed by s single figure? What are perfect squares !
How many are there between 1 and 1007 What are they?
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Now, if we represent the tens by a and the units by 5,
we shall have

a+b =64,
and (a+5)2=(64)%;
or a?4-2ab+452=4096.

Which proves that the square of a number composed of
tens and units, contains the square of the tens plus twice the
product of the tens by the units, plus the square of the units.

94. If, now, we make the units 1, 2, 3, 4, &c, tens, or
units of the second ordér, by annexing to each figure a ci-
pher, we shall have

10, 20,' 30, 40, 50, 60, 70, - 80, 90, 100,
and for their squares,
100, 400, 900, 1600, 2500, 3600, 4900, 6400, 8100, 10000.

From which we see that the square of one ten is 100, the
square of two tens 400 ; and generally, that the squars of
tens will contain no figures of a less denomination than hun-
dreds, nor of a higher name than thousands.

Ex. 1.—To extract the square root of 6084.

Since this number is composed of more than
two places of figures, its roots will contain 6084
more than one. But since it is less than 10000,
which is the square of 100, the root will contain but two
figures : that is, units and tens.

Now, the square of the tens must be found in the two

Quest.—93. How may every number be regarded as madeup? What
is the square of a number composed of tens and units equal to?—
94. What is the square of one ten eqmlto" Of 2 tens? Of 8
tons? &o.

\V)
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left-hand figures, which we will separate from the other two
by putting a point over the place of units, and a second over
the place of hundreds. These parts, of two figures each, are
called periods. The part 60 is comprised between the two
squares 49 and 64, of which the roots are 7 and 8 : hence,
7 i the figure of the tens sought; and the required root is
composed of 7 tens and a certain number of units.

The figure 7 being found, we
write it on the right of the given 60 84 l 78
number, from which we separate
it by a vertical line: then we 7x2=148]1184
subtract its square, 49, from 60, I 1184
which leaves a remainder of 11, o0
to which we bring down the two
next figures 84. The result of this operation,.1184, con-
tains twice the product of the tens by the units, plusithe square
of the units.

But since tens multiplied by units cannot give & product of
a less name than tens, it follows that the last figure, 4, can
form no part of the double product of the tens by the units:
this double product is therefore found in the part 118, wlnch
we separate from the units’ place, 4.

Now if we double the tens, which gives 14, and then di-
vide 118 by 14, the quotient 8 s the figure of the units, or
a figure greater than the units. This quotient figure can
never be too small, since the part 118 will be at least equal
to twice the product of the tens by the units : but it may be
too large ; for the 118, besides the double product of the
tens by the units, may likewise contain tens arising from
the square of the units. To ascertain if the quotient 8 ex-
presses the units, we write the 8 on the right of the 14,
which gives 148, and then we multiply 148 by 8. Thus,
we eovidently form, 1st, the square of the units; and,
2nd, the double product of the tens by the umits. This
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multiplication being effected, gives for a product 1184, a
number equal to the result of the first operation. Having
subtracted the product, we find the remainder equal to 0:
hence 78 is the root required.

Indeed, in the operations, we have merely subtracted
from the given number 6084, 1st, the square of 7 tens, or
70 ; 2nd, twice the product of 70 by 8; and, 3d, the square
of 8: that is, the three parts which enter into the composi-
tion of the square 7048, or 78 ; and since the result of
the subtraction is 0, it follows that 78 is the square root of
6084,

95. Remark.—The operations in the last example have
been performed on but two periods, but it is plain that the
same reasoning is equally applicable to larger numbers, for
by changing the order of the units, we do not change the
relation in which they stand to each other.

Thus, in the number 60 84 95, the two periods 60 84
have the same relation to each other as in the number
60 84 ; and hence the methods used in the last example
are equally applicable to larger numbers. :

96. Hence, for the extraction of the square root of
numbers, we have the following

-
RULE.

1. Separate the given number into periods of two figures
each, beginning at the right hand :—the period on the left will
often contain but one figure.

I1. Find the greatest square in the first period on the left,
and place its root on the right, after the manner of a quotient

QuesT.—95. Will the reasoning in the example apply to more than

two periods !
12*
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tn division. Subtract the square of the root from the first
persod, and to the remainder bring down the second period for
a dividend.

IIL. Double the root already found, and place it on the left
Jor a divisor. Seek how many times the divisor is contained
in the dividend, exclusive of the right-hand figure, and place
the figure in the root and also at the right of the divisor.

IV. Multiply the divisor, thus augmented, by the last figure
of the root, and subtract the product from the dividend, and to
the remainder bring down the next period for a new dividend.
But if any of the products should be greater than the dividend,
diminish the last figure of the root.

V. Double the whole root already found, for a new divisor,
and continue the operation as before, until all the periods are
brought down.

97. 1st Remark. If, after all the periods are brought
down, there is no remainder, the proposed number is a per-
fect square. But if there is a remainder, you have only
found the root of the greatest perfect square contained in
the given number, or the entire part of the root sought.

For example, if it were required to extract the square
root of 665, we should find 25 for the entire part of the
root, and a remainder of 40, which shows that 665 is not
a perfect square. But is the square of 25 the greatest per-
fect square contained in 665 ? that is, is 25 the entire part
of the root? To prove this, we will first show that, zke
difference between the squares of two consecutive numbers, is
equal to twice the less number augmented by unity.

Qurst.—96. Give the rule for extracting the square root of numbers.
What is the first step? What the secoud? What the third? What
the fourth? What the fifth? .
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Yet- . . a= the less number,
and . . a+1 = the greater.
Then . (a+1)2=a?42a+1,
and o« (a)P=dd

Their differenceis = 2441 as enunciated.

Hence, the entire part of the root cannot be augmented,
unless the remainder exceeds twice the root found, plus
unity.

But 25x2+41=51>40 the remainder : therefore, 25 is
the entire part of the root.

98. 2nd REMark.—The number of figures in the root
will always be equal to the number of periods into which

the given number is separated.
EXAMPLES.
1. To find the square root of 7225. Ans. 85,
2. To find !.he square root of 17689. Ans. 133.
3. To find the square root of 994009. Ans. 997.

4. To find the square root of 85673536. Ans. 9256.
5. To find the square root of 67798756. Ans. 8234.
6. To find the square root of 978121. Ans. 989.
7. To find the square root of 956484. Ans. 978.
8. What is the square root of 363729611  Ans. 6031.
9. What is the square root of 220712042  An:. 4698.
10. What is the square root of 106929 ? Ans. 327.

11. What is the square root of 12088868379025 ?
Ans. 3476905,

Quzer.—08. How many figures will you always find in the rest$
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99. 3rd Rnxnx —~If the given number has not an ex ‘2
root, there will be a remainder after all the periods axe
brought down, in which case ciphers may be annexed,
forming new periods, each of which will give one decimal

place in the root.

1. What is the square root of 36729 ?

In this example there are
two periods of decimals,
which give two places of
decimals in the root.

3 67 29|191,64+

291267
261

38 11629
381

382 624800
22956

3832 4|184400
153296

31104 Rem.

2. What is the square root of 2268741 ?

Ans. 1506,23 4.

8. What is the square root of 7596796 ?

Ans. 2756,22+.

4. What is the square root of 96 ?

Ans. 9,79795+.

5. What is the square root of 153 ?

6. W]}at is the square root of 101 ?

Ans. 12,369314.

Ans. 10,04987+4

Qurer.—99. How will you find the decimal part of the root t
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7. What is the square root of 285970396644 ?
Ans. 534762.
8. What is the square root of 41605800625 ? )
Ans. 203975.
9. What is the square root of 48303{)84?06984 ?
Ans. 6950078.

Extraction of the square root qf Fractions.

100. Since the square or second power of a fraction is
obtained by squaring the numerator and denominator sepa-
rately, it follows that the square root of a fraction will be
equal to the square root of the numerator divided by the
square root of the denominator.

a®
For example, the square root of —; is equal to T+ for

a a _a
T T
. 1 1
1. What is the square root of T! Ans. 5
. 9 3
2. What is the square root of 16 ? Ans. ry
. - 64 8
8. What is the square root of 81 ? Ans. R
. 256 16
4. What is the square root of 361 ? Ans. i
. 16 ’ 1
5. What is the square root of 7 ? Ans. R

Quzsr.—100. If the numerator and denominater of a fraction are
petfect squares, how will you extrast the square root 1
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. 4096 64

6. What is the square root of mo—g ? Ans. 27.
582169 763

i —_— —

7. What is the square root of 956484 | Ans. 978"

101. If neither the numerator nor the denominator is a
perfect square, the root of the fraction cannot be exactly
found. We can, however, easily find the approximate root.
For this purpose;

Multiply both terms of the fraction by the denominator,
which makes the denominator a perfect square without altering
the value of the fraction. Thken, extract the square root of
the numerator, and divide this root by the root of the denoms-
tor ; this quotient will be the approximate root.

Thus, if it be required to extract the square root of %,

we multiply both terms by 5, which gives ;—g
We then have
V15=3;8729+ :
hence, 3,8729+ =~ 5=,7745+ = Ans.

2. What is tho square root of -1 Ans. 1,32267+.

=3, What is the square root of %4 T Ans. 1,24721+4.

4. What is the square root of ll% ?

Ans. 3,41869+-.

Quzst.—101. If the numerator and denominator of s fraction are not
perfect squares, how do you extract the square roat 1
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5. What is the square root of 7§§ 1 Ans. 2,713134-.

6. What is the square root of 8‘-1{% 2 Ans. 2,882034.

7. What is the square root of % ? Ans. 0,645494-.

8. What is the square root of 10130 ?
Ans. 3,20936+.

102. Finally, instead of the last method, we may, if we
please,

Change the vulgar fraction into a decimal, and continue the
division until the number of decimal.places is double the number
of places required in the root. Then, extract the root of the
decimal by the last rule.

Ex. 1. Extract the squaré root of % to within ,001.
This number, reduced to decimals, is 0.785714 to within
0,000001 ; but the root of 0,785714 to the nearest unit, is

,886 ; hence 0,886 is the root of % to within ,001.
2. Find the 2%% to within 0,0001.

Ans. 1,6931+4.

3. What is the square root of 1_1'7 7 Ans. 0,242534-.

4. What is the square root of % ?  Ans. 0,93541+4.

5. What is the square root of —g— 7 Ans. 1,290994-.

Quzst.—102. By what other method may the root be found 1

-

——
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Eatraction of the Square Root of Monomials.

103. In order to discover the process for extracting the
square root, we must see how the square of the monomial
is formed.

By the rule for the multiplication of monomials (Art. 35,
we have

(5a%53c)*=5a%b3¢ X 5a%b%c=25a%b%¢3 ;

that is, in order to square a monomisal, it is necessary to

square its coefficient, and double each of the exponents of the
different letters. Hence, to find the root of the square of a
monomial, we have the following

RULE.

I. Eaxtract the square root of the coefficient.
1. Divide the exponent of each letter by 2.

Thus, +/64a%0%=8a0* for 84%? X 84%h2=64ash%.

2. Find the square root of 6254%5°c2. Ans. 25abte?,
3. Find the square root of 576a%b%c®. Ans. 24a2b3ct,
4. Find the square root of 196a%y%2*. Ans. 142°ys2,
5. Find the square root of 441a8fc10d0,

Ans. 21a%35d8,
6. Find the square root of 78441251c1642.
. Ans. 28a%h¢8d.
7. Find the square root of 81a%4cS.
Ans. 9a*b33,

Quaer.—~108. How do you extzact the aquare root of & monemial 1
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104. From the preceding rule it follows, that when a
monomial is a perfect square, its numerical coefficient is &
perfect square, and all its exponents even numbers. Thus,
254*b? is a perfect square, but 98ab* is not a perfect square,
because 98 is not a perfect square, and « is affected with
an uneven exponent.

In the latter case, the quantity is introduced into the cal-
culus by affecting it with the sign +/ , and it is written

thus :
Vv 98ab?.

Quantities of this kind are called radical guantilies, Or irras
tional quantities, or simply radicals of the second degree.
They are also, sometimes called Surds.

These expressions may often be simplified, upon the prin-
ciple that, the square root of the product of two or more factors
is equal to the product of the square roots of these factors; or,
in algebraic language,

Vabed . .. =va.vb.Ve.V/d ...

This being the case, the above expression, v 98ab%, can
e put under the form

VA9 X 2a= /49" x 1/2a.
Now V/495* may be reduced to 752; hence,
+/98ab* =702 /%a.
In like manner,
/4587532 d = +/9a%b?c* x 5bd=3abc /5bd,
+/864a785c1 = /144a75*c10 X 6bc = 12ab%c® 4/BFc.
13
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The quantity which stands without the radical sign is
called the coefficient of the radical. Thus, in the expressions

7b2+/2a, 3abc+/58d, 12ab%ct+/6bc,

the quantities 752, 3abc, 12ab%c%, are called coefficients of
the radicals.

Hence, to simplify a radical expression of the second
degree, we have the following

RULE.

I. Separate the expression tnta two parts, of which one shall
contain all the factors that are perfect squares, and the other
the remaining ones. ’

II. Take the roots of the perfect squares and place them
before the radical sign, under which leave those factors which

are not perfect squares.

105. Reyark.—To determine if a given number has
any factor which is a perfect square, we examine and see
if it is divisible by either of the perfect squares

4, 9, 16, 25, 36, 49, 64, 81, &c;

and if it is not, we conclude that it does not contain a fac-.
tor which is a perfect square.

Quest.—104. When is a monomial a perfect square? When it is
not a perfect square, how is it introduced into the calculus? What are
quantities of this kind called? May they be simplified? Upon what
principle? 'What is a coefficient of aradical? Give the rule for reducing
radicals.—105. How do you determine whether a given number has a
factor which is a perfect square ?
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EXAMPLES.
1. Reduce +/75a%c to its simplest form.
_ Ans. 5a+/3abe.
2. Reduce +/1288%a° to its simplest form.
Ans. 8b%ad /25
3. Reduce +/32¢%% to its simplest form. A
) Ans. 4a'b* 4/2ac.
4. Reduce +/2564%%% to its simplest form.
Ans. 16abict.
5. Reduce 1/1024a%'¢® to its simplest form.
Ans. 32a*b5c2 1/abe.
6. Reduce /7294765%d to its simplest form.
Ans. 27a%%c31/abd.
7. Reduce +/675a"85¢*d to its simplest form.
‘ Ans. 15a%b%c 4/3abd. °
8. Reduce 1/1445a%%d* to its simplest form.
. Ans. 17actd? /5.
9. Reduce +/10082°dm® to its simplest form.
' Ans. 120t /7ad.
10. Reduce +/2I564™98°® to its simplest form.
Ans. 14a%b¢3 /11,
11. Reduce /4054753 to its simplest form.

Ans. 9a°5%d4+/ 5a.

[N
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106. Since like signs in both the factors give a plus
sign in the product, the square of —a, as well as that of
+-a, will be a?; hence the root of a2 is either 4+a or —a.
Also, the square root of 25a2b* is either - 5ab? or —5ab?.
‘Whence we may conclude, that if a monomial is positive,
its square root may be affected either with the sign + or
— ; thus, V9a*=+3a%; for, +34% or —3a? squared,
gives 9a*. The double sign 3= with which the root is
affected is read plus or minus.

If the proposed monomial were negative, it would be im-
possible to extract its root, since it has just been shown that
the square of every quantity, whether positive or negative,
is essentially positive. Therefore,

V=9, +/—4a?, +/—8a%,

are algebraic symbols which indicate operations that cannot
be performed. They are called imaginary quantities, or
rather imaginary expressions, and are frequently met with
in the resolution of equations of the second degree. These
symbols can, however, by extending the rules, be simplified
in the same manner as those irrational expressions which
indicate operations that cannot be performed. Thus, v/ —9
may be reduced by (Art. 104). Thus,

V=9=+/9x V/=1=3v/=],
and —da®=+4a®x v/—1=2a4/—1: also,
V—8a%= v/4a¥ X —2b=2a v/ —2b=2a /2 X v/—1.

QuesT.—108. What sign is Placed before the square root of a mono-
mial? ‘Why may you place the sign pluc or minus? What is an ima-

ginary quantity? Why is it called imaginary ?
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Of the Calculus of Radicals of the Second Degree.

107. A radical quantity is the indicated root of an
imperfect power.

The extraction of the square root gives rise to such ex-
pressions as  v/a, 3+4/b, 74/2, which are called érra-
tional quantities, or radicals of the second degree. We will
mow establish rules for performing the four fundamental
operations on these expressions.

108. Two radicals of the second degree are similar,
when the quantities under the radical sign are the same in
both. Thus, 3y% and 5cv/% are similar radicals; and
so also are 94/2 and 7+/2.

) Addition.
109. Radicals of the second degree may be added
together by the following

RULE.

L. If the radicals are similar add their coefficients, and to
the sum annex the common radical.

11. If the radicals are not similar, connect them together
with their proper signs.

Thus, . 8a /B4 5¢ y/F=(3a+5¢) V5.

QuesT.—107. What is a radical quantity ? What are such quantities
called7—108. When are radicals of the second degree similar?—
109. How do you add similar radicals of the second degree? How do
you add radicals which are not similar?

13*
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In like manner.

* 7v/2a43+/2a=(7+3)y/23=104/2a.

Two radicals, which do not appear to be similar at first
sight, may become so by simplification (Art. 104).
For example,

W+bﬁ5—a'=4by/§'a_+.5b V3a=9b/3a;
and 24/454-3/5=61/5+3y/5=9+/5."

When the radicals are not similar, the addition or sub-
traction can only be indicated. Thus, in order to add
3vb to 5+/a, we write

5va+3 5.
BXAMPLES.
1. What is the suonf V274 and /484717
E Ans. Ta+/3.
2. What is the sum of 1/504%52 and +/72a%b% ?
Ans. 11a% /2.
. o 3a a?
X \/ A f—1
3. What is the sum of 3 and 15
1
. Ans. 4a 5

4. What is the sum of V125 and V/500a2?
Ans. (5410a) V5.
</
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4 50 10
_f ~5. 3
; 5. What is the sum of \/——147 and 294 ?
10
- ) .AM. ﬁ-

6. What is the sum of ¢/08a%z and +/3627—36a%?
Ans. Ta4/2+6 /> —a?.
7. What is the sum of +/98a%z and /288a%%?
Ans. (Ta+12a%?) +/2x.
8 Required the sum of /72 and +4/128.

Ans. 14 /2.
9. Required the sum of /27 and +/147.

Ans. 10 4/3°

. /2 27
~ 10. Required the sum of \/; and 4 /—5T.

19

11. Required the sum of 2+4/a% and 3+/64bz*.
Ans. (264+242%) v/ 5
12. Required the sum of. /243 and 104/363.
Ans. 119+/3.
13. What is the sum of /320a%5% “and V/2454%° 1
Ans. (8ab+7a%5°)+/5.

14. What is the sum of +/754%" and +/3004%5?
Ans. (5a°6°+104%2) 4/35.

6.

Nl
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Subtraction.

110. To subtract one radical expression from another,
we have the following

RULE.

L. If the radicals are similar, subtract their cosfficients,
and to the difference annex the common radical.

II. If the radicals are not similar, their difference can only
be indicated by the minus sign.

EXAMPLES.

1. What is the difference between 3a+4/% and a¢y/% 1
Here 3ayb—ay/5=2a+v/b. An:.
~ 2. From272/@J% subtract 6a+/275%
First, 27a ‘/2‘75‘2:3: 27ab+/ 3, and 6a+/275*=18ab+/3;
and 27ab+/3—18ab+/3=9ab+/3 Ans.
3. What is the difference of /75 and 4/ 48?
Ans. /3.
4. What is the difference of +/24a%% and +/545%?

Ans. (2ab—30%) /6

\

QuesT.—110. How do you subtract similar radicals? How do you
subtract radicals which are not similar ?
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. . 3 5
= 5. Required the difference of \/; and \/2—:
4 .
Ans. '4—5 v 15.

6. What is the difference of 1/1282%% and VW
Ans. (8ab—4a*)+/2a.

7. What is the difference of +/484%° and +/9ab ?
Ans. 4ab+/3ab—3+/ab. -

8. What is the difference of 1/242a%% and +/2a%%?
Ans. (11a%2%—ab)+/2ab.

® 9. What is the difference of \/-—f- and \/—53)—' ?
. 1

Ans. ?‘V 3.
10. What is the difference of 4/3204%> and +/804%?
. Ans. 4a+/5.

11. What is the difference between

720 and /245abc%d* ?
Ans. (12ab—"7cd) 4/54b.

12. What is the difference between

/9684?82 and 4/200a%5% ?

Ans. 12ab+/2.
13. What is the difference between .

112 and 4/284%8 ?
Ans. 2a4% /7,
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Multiplication.

111. For the multiplication of radicals, we have the
following

RULE.

I. Multiply the quantities under the radical signs together,
and place the common radical over the product.

I1. If the radicals have coefficients, we multiply them to-
gether, and place the product before the common radical.

Thus, Vaxy/b=+/ab;

This is -the principle of Art. 104, taken in the inverse
order.

EXAMPLES. -

1. What is the product of 3+/5a% and 44/20a?
Ans. 120a+/5.

2. What is the product of Za+/%¢ and 3a+/%c?
Ans. 64%be.

3. Whatis the product of 2a y/a®+ % and —3a+y/a®52?
' Ans. —6a%(a+b?)

Quest.—111. How do you multiply quantities which are under radi
cal signs? When the radicals have coefficients, how do you multiply
them ?
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ol 554, 842,
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4. What is the product of 34/2 and 2+4/87
Ans. 24.

~5. What is the product of §+/3a? and % /%% ?
Ans. Jsabe /15,

6. What is the product of 2z+ /% and 22— +/5?

Ans. 4x2—b.
7. What is the product of
v m and m ?
Ans. +/a®—4b.
8. What is the product of 324/276 by +/2a?
Ans. 9a3¢/6.

Drvision.

112. To divide one radical by another, we have the
following

RULE.

I. Divide one of the quantities under the radical sign by the
other, and place the common radical over the quotient.

11. If the radicals have coefficients, divide the coefficient of
the dividend by the coefficient of the divisor, and place the
quotient before the common radical.

Quest.—112. How do you divide quantities which are under the
radical sign? When the radicals have coefficients, how do you divide
them
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Thus, 7—'%:\/% ; for the squares of these two

expressions are equal to the same quantity —g-; hence

the expressions themselves must be equal.

EXAMPLES.

1. Divide 5ayF by 25/ Ans. g;\/-f—.

. Divide 12acy/68c by 4cy/28. Ans. 3a+4/3c.
. Divide -6a1/965¢* by 3+/8%% Ans. 4ab+/3.
Divide 44a?+4/505° by 24%4/55.  Ans. 2824/10.
. Divide 2643 +/81a%8? by 13a+/9ab.

Ans. 6a%b+/ab.
6. Divide 84a%*+/27ac by 42aby/3a.
Ans. 6a?b3+/c.

[ U R

7. Divide +/J&® by +/2. Ans. }a.
8. Divide 6a%2¢/20a® by 124/35a. Ans. a3h2.
9. Divide 6a4/108* by 3+/5. Ans. 2aby/2.
10. Divide 4844/I5 by 20%y/F. Ans. 36002,

11. Divide 8a%c34/7d® by 2a+/28d.
Ans. 2abtc3d.

12. Divide 96a%c®/985° by 48abc+/25.
Ans. 14a%H8c3,
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13. Divide 27a%¢4/21a® by +/7a.
Ans. 27455 +/3.

14. Divide 184%8+4/848 by 6ab+/a%.
Ans. 6a%5 /2.

To Extract the Square Root oj: a Polynomial.  __

113. Before explaining the rule for the extraction of
the square root of a polynomial, let us first examine the
squares of several polynomials: we have

(24 8)2=a*+2ab4-b2,
(a+b+c)*=a%+2ab+ 02+ 2(a+b)e+ 3,
(e+0+c+d)?=a>+2ab+b2+-2(a+b)c+c?
+2(a+b+c)d+d2.
The law by which these squares are formed can be enun-

ciated thus:

The square of any polynomial contains the square of the
first term, plus twice the product of the first term by the second,
plus the square of the second ; plus twice the first two terms
multiplied by the third, plus the square of the third ; plus twice
the first three terms multiplied by the fourth, plus the square
of the fourth ; and so on.

QuxsT.—113. What is the square of a binomial equal to? What
is the square of a trinomial equal to? What is the square of anv
polynomial equal to ?

14
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114. Hence, to extract the square root of a polynomial
we have the following

RULE.

1. Arrange the polynomial unth reference to one of 1ts letters
and extract the square root of the first term : this will give the
first term of the root.

11. Divide the second term of the polynomial by double the
first term of the root, and the quotient will be the second term
of the root. .

III. Then form the square of the two terms of the root
found, and subtract it from the first polynomial, and then
divide the first term of the remainder by double the first term
of the root, and the quotient will be the third term.

1V. Form the double products of the first and second terms,
by the third, plus the square of the third ; then subtract all
these products from the last remainder, and divide the first
term of the result by double the first term of the root, and the
quotient will be the fourth term. Then proceed in the same
. manner to find the other terms.

EXAMPLES.

1. Extract the square root of the polynomial:
494?02 —24ab3+25a* — 30a3b 1 165+,

First arrange it with reference to the letter a.

25a*—30a%b+ 494262 —24ab3+160% *| 5a2—3ab+452
25a4—30a%b+ 9a2h? 10a2
404202 —244ab%+165* 1st Rem.
400?02 —24ab3+16b*
0 . . . 2dRem.
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After having arranged the polynomial with reference to a,
extract the square root of 25a%, this gives 542, which is
placed at the right of the polynomial; then divide the
‘second term, —30a3, by the double of 542, or 10a?; the
quotient is —3ab, and is placed at the right of 542. Hence,
the first two terms of the root are 5a2—3ab. Squaring this
binomial, it becomes 25a*—30a3b+ 94262, which, subtracted
from the proposed polynomial, gives a remainder, of which
the first term is 404242, Dividing this first term by 1042,
[(the double of 5a2), the quotient is +4542; this is the third
term of the root, and is written on the right of the first two
terms. By forming the double product of 5a2—3ab by 442,
and at the same time squaring 442, we find the polynomial
4042b2—24ab34-165%, which, subtracted from the first re-
mainder, gives 0. Therefore 5a>—3ab+- 452 is the required
root.

2. Find the square root of a*+ 4a’z+ 6422+ 4ax3+ 2.
Ans. a®+42ax+4-x2.
3. Find the square root of a*—4a3z+} 6a2x2—4ax3+ x4,
Ans. a*—2azxr+a3.
4. Find the square root of
428+ 1228+ 5t — 2254 Tx? — 22+ 1.
Ans. 2234322 —a+1.
5. Find the square root of ‘
9a* —12a3b 4284262 — 16ab3 4 16544,
Ans. 3a2—2ab-}452,

Qurst.—114. Give the rule for extractiag the square root of a poly-
nomial? What is tho first step? What the second? What the third ?
What the fourth?
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6. What is the square root of
a*—4ax3+4a%2® —4224-8axr4-4.
' Ans. 23 —2ax—2.
7. What is the square root of
922 —12z+ 6y + y2— 4y + 4.

Ans. 3z+y—2.
8. What is the square rootof y*—2y?234-223—2y341
+at. Ans. y?—2%2—1.
9. What is the square root of 9ath*—30a3b3+25a2b2?
Ans. 3a3b*—5ab.

10. Find the square root of
25a*h2 —40a3b%c+- 76a2h%c? — 48ab2c3 4 3652t — 30atbe
+244%c? — 364234 9a*c?,
Ans. 5a2b—3a*c—4abc 4 6bc3.

115. We will conclude this subject with the following
remarks.

1st. A binomial can never be a perfect square, since we
know that the square of the most simple polynomial, viz:
a binomial, contains three distinct parts, which cannot ex-
perience any reduction amongst themselves. Thus, the
expression a®- 52 is not a perfect square ; it wants the term
=2ab in order that it should be the square of a--5.

‘2nd. In order that a trinomial, when arranged, may be a
perfect square, its two extreme terms must be squares, and
the middle term must be the double product of the square
roots of the two others. Therefore, to obtain the square
root of a trinomial when it is a perfect square ; Extract the
roots of the two extreme terms, and give these roots the same
or contrary signs, according as the middle term s positive or




RADICALS OF THE SECOND DEGREE. 161

neguative. To verify it, see if the double product of the two
roots gives the middle term of the trinomial. ‘'Thus,

928 —48ath2-} 6442 is a perfect square,

since 4/9a%=343, and 4/64a?b*= —8ab?,
and also 2 X 3a3X —8ab%2—=—48a*0?= the middle term.

But 442+ 14ab- 942 is not a perfect square : for although
4a? and + 952 are the squares of 2 and 3, yet 2 X2ax 3b
is not equal to 14ab.

3rd. In the series of operations required in a general ex-
ample, when the first term of one of the remainders is not

“exactly divisible by twice the first term of the root, we may
conclude that the proposed polynomial is not a perfect
square. This is an evident consequence of the course of
reasoning, by which we have arrived at the general rule for
extracting the square root. .

4th. When the polynomial is not @ perfect square, it may
be simplified (See Art. 104.)

Take, for example, the expression /a3 +4a?b? 4ub.

The quantity under the radical is not a perfect square ;
but it can be put under the form ab(a%+4ab+452). Now,
the factor between the parenthesis is evidently the square
of a+2b, whence we may conclude that,

Va3 4a%E +4abP = (a+2b) v/ ab.

2. Reduce 242b—4ab%24-2b° to its simple form.
Ans. (a—b) /25,

Quest.—118. Can a binomial ever be a perfect power? Why not ?
‘When is a trinomial a perfect power? When, in extracting the square
root we find that the first term of the remainder is divisible by twice the
root, is the polynomial a perfect power or not !

14*
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CHAPTER VI

Equations of the Second Degree.

116. An equation of the second degree is an equation
involving the second power of the unknown quaatity, or the
product of two unknown quantities. Thus,

z?=a, ax?+bx=c, and zy=d?,

are equations of the second degree.
117. Equations of the second degree are of two kinds,
viz : equations involving two terms, which are called incom-

plete equations ; and equations involving tAree terms, which
are called complete equations. Thus,

x?=a and ax?=),
are incomplete equations ; and
22+4-2ax=>, and axr?+ br=d,

are complete equations. -

QuesT.—116. What is an equation of the second degree 1—117. How
many kinds are there? What is an incomplete equation! What is a
complete equation?
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118. When we speak of an equation involving two
terms, and of an equation involving three terms, we under-
stand that the equation has been reduced to its simplest
form.

Thus, if we have the equation

3534422 —4 =6,

although in its present form there are four terms, yet it may
be reduced to an equation containing but two. ~For, by
adding 322 to 4% and transposing —4, we have

722=10.
Also, if we have.
' 322+ 5x+Tx+5=9,
we get by reducing
3224122 =4,

an equation containing but three terms.
Again, if we take the equation

aa:2+bx2+d=f
we have
_ _f=d
(a+b)x?=f—d a.nd wz_a-}-b’

an equation of two terms.

QuesT.—118. When you speak of an equation involving two terms,
do you speak of the equation after it has been reduced, or before ! When
you speak of an equation of three terms, is it the. reduced equation to
‘which you refer? To what forms, then, may every equation of the sccond
degres be reduced ?
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Also, if we have  az?4dz?+fx+b=c
we obtain (a+d)z2+fr=c—b,

and consequently
S =t
L e
an equation of three terms,

Hence we may conclude : That every equation of the
second degree may be reduced to an incomplete equation involv-
tng two terms, or to a complete equation involving three terms.

Of Incomplete Equations.

1. What number is that which being multiplied by itself
the product will be 144.

Let = the number: then

X r=x2=144.

-

It is plain that the value of « will be found by extracting
the square root of both members of the equation : that is
V2= 4/144 : that is, x=12.

2. A person being asked how much money he had, said
if the number of dollars be squared and 6 be added, the sum
will be 42 : How much had he ?

Let 2= the number of dollars.
Then by the conditions
224-6=42:

hence, 22=42—-6=36 and x=6.
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3. A person being asked his age said, if from the square
of my age you take 192, the remainder will be the-square
of half my age : what was his age ?

Denote his age by .
Then, by the conditions of the question

22—192= (%m)z=-?,

and by clearing the fractions

422—768—=a2;

hence, 422 —22="768,
and 322="768
«2=256

. & = 16.

Ans. 16.

119. There is 10 difficulty in the resolution of an equa-
tion of the form az?=b. We deduce from it z’:—i,

whence x—= \/%-_.

When % is a particular number, either entire or frac-
tional, we can obtain the square root of it exactly, or by ap-
proximation. If -;b- is algebraic, we apply the rules estab-

lished for algebraic quantities.

Quzsr.—11%9. How do you resolve an incomplete equation !
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Hence, to find the value of z we have the following

RULE.
I. Find the value of x.
II. Then eatract the square root of both members of the
eguation.
4. What is the value of = in the equation
32%24-8=>522—10.
By transposition 3x?—5x3=—10—8,
by reducing —223=—18,
by dividing by 2 and changing the signs
x2=9,
by extracting the square root x=3.

We should, however, remark that the square root of 9,
is either <43, or —3. For,

+3Xx+3=9 and —3x—3=9.
Hence, when we have the equation
x?2=9,
we have 2=+43 and 2=-—3.

120. A root of an equation is such a number as bemng
substituted for the unknown quantity, will satisfy the equa-
tion, that is, render the two members equal to each other.
Thus, in the equation

x2=9

there are two roots, +3 and —3; for either of these
numbers being substituted for x will satisfy the equation.
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5. Again, if we take the equation
az*=5,
we shall have

r=+4 i and wz—\/—b—.
a a
For, a x[+ \/——b—-:r:b, or ax—b—=b,
a a

2 b
and axl:— \/I] =b, or ax—=b.
. a a

Hence we may conclude,

1st. That every incomplete equation of the second degres
has two roots.

2nd. That those roots are numerically equal but have con-
trary signs.
6. What are the roots of the equation
3224-6=422—10.
Ans. x=+‘4 and r=—4,
7. What are the roots of the equation

1 a2
-§z3—8=3-+10.
Ans. 2=+9 and z=-9,

QuesT.—120. What is the root of an equation? What are the roots
of the equation z2=91? Of the equation az2=51? How many roots has
every incomplete eqration? How do those roots compare with each
other? .
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8. What are the roots of the equation

622 —T7=32%45.
Ans. =42, x2—=—2.

9. What are the roots of the equation.

8+5w’=§+4x'+28.
Ans. =45, x=—5.

10. Find a number such that one-third of it multiplied
by one-fourth shall be equal to 108 ? '
Ans. 36.

11. What number is that whose sixth part multiplied by
its fifth part and product divided by ten, shall give a quo-
tient equal to 3 ? :

Ans. 30.

12. What number is that whese square, plus 18, shall be
equal to half its square plus 30}.
Ans. 5.

13. What numbers are those which are to each other as
1 to 2 and the difference of whose squares is equal to 75.

Let #= the less number.
Then 2z= the greater.

- Then by the conditions of the question -

422 —x2=175,
hence, 3x2="75;
and by dividing by 3, 2*=25 and =5,
and 2x=10.

 Ans. 5 and 10.
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14. What two numbers are those which are to each other
as 5 to 6, and the difference of whose squares is 44.

Let - z= the greatest number.

‘Then %w: the least.

By the conditions of the question

25

by clearing fractions,

3622 —2522=1584 ;

hence, * 1122=1584,
and =144,
hence, x =12,
and -%a: =10.

Ans. 10 and 12.

15. What two numbers are those which are to each

other as 3 to 4, and the difference of whose squares is 28 ?

Ans. 6 and 8.

16. What two numbers are those which are to each other

as 5 to 11, and the sum of whose square is 584 ?

Ans. 10 and 22.

17. A says to B, my son’s age is one quarter of yours,

and the difference between the squares of the numbers re-
" presenting their ages is 240 : what were their ages ?

ns. {Eldest 16.

Younger 4.
15

|
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When there are two unknown quantities.

121. When there are two or more unknown quantities,
eliminate one of them by the rule of Article TT : there will
thus arise a new equation with but a single unknown quantity,
the value of which may be found by the rule already given.

1. There is a room of such dimensions, that the differ-
rence of the sides multiplied by the less is equal to 36, and
the product of the sides is equal to 360 : what are the
sides ?

Let a= the less side;

y= the greater.
Then, by the 1st condition,
(y—x)z=36;
and by the 2nd, xy=360.

From the first equation, we have

2y—22=36;

and by subtraction, 22=324.

Hence, z=1/324=18;
360

Ans. z=18,y=20.

QuesT.—121. How do you resolve the equation when there are two
or more unknown quantities ?
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2. A merchant sells two pieces of muslin, which together
measure 12 yards. He received for each piece just so
many dollars per yard as the piece contained yards. Now,
he gets four times as much for one piece as for the other :

-how many yards in each piece ?

Let 2= the number in the larger piece ;
y= the number in the shorter piece.

Then, by the conditions of the question,
z+y=12.
#Xx=a?= what he got for the larger piece;
yXy=y?= what he got for the shorter.
And ' 22=1y?% by the 2nd condition.
x =3y, by extracting the square root

Substituting this value of x in the first equation, we have

Yy+y=12;
and consequently, y= 8,
and = 4.

Ans. 8 and 4,

“3. What two numbers are those whose product is 30, and
quotient 3} ? Ans. 10 and 3.
4. The product of two numbers is @, and their quotient

b : what are the numbers ?
Ans. 4/ab and \/% .

5. The sum of the squares of two numbers is 117, and
the difference of their squares 45 : what are the numbers ?
Ans. 9 and 6.
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6. The sum of the squares of two numbers is @, and the
difference of their squares is b: what are the numbers ?

Ans. z= V"_';'___ b, y= V.‘fg:.z’

7. What two numbers are those which are to each other

as 3 to 4, and the sum of whose squares is 225 ?
Ans. 9 and 12.

8. What two numbers are those which are to each other
as m to n, and the sum of whose squares is equal to a2 ?

A ma . na
Y Vmitn Vit
9. What two numbers are those which are to each other
as 1 to 2, and the difference of whose squares is 75 ?
Ans. 5 and 10.
10. What two numbers are those which are to each other
as m to n, and the difference of whose squares is equal

to $2?
mb nb
_ Vmi—n2' Vmi—n?2
11. A certain sum of money is placed at interest for six
months, at 8 per cent. per annum. Now, if the amount be
multiplied by the number expressing the interest, the pro-

duct will be 562500 : what is the amount at interest ?
Ans. $3750.

12. A person distributes a sum of money between a num-
ber of women and boys. The number of women is to the
number of boys as 3 to 4. Now, the boys receive one-
half as many dollars as there are persons, and the wamen
twice as many dollars as there are boys, and together they
receive 138 dollars: how many women were there, and
how many boys ?

Ans.

{ 36 women
48 boys.
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Of complete Equations.

122. We have already seen (Art. 11°7), that a complete
equation of the second degree, after it has been reduced,
contains three terms, viz : the square of the unknown
quantity in the first term ; the first power of the unknown
quantity in the second term; and a known quantity, in a
third term.

Thus, if we have the equation
ba?—22?4-8=9x+432,
we have, by transposing and reducing,
3r2—9x=24,
and by dividing by 3,
22— 3x=8.
which contains but three terms.
2. If we have the equation
a%x%+ 3abx+ 22 =cx+d,
by collecting the coefficients of z? and x, we have
(a®+ 1)a2 4 (3ab—c)x=d ;
and dividing by the coeflicient of 22, we have

3ab—cx__€_
a?+1 " a4l

2?4

Quest.—122. How many terms does a complete equation of the
second degree contain? Of what is the first term corpposed'! The
socond? The third ?

15%
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If we represent the coefficient of = by 2p, and the known
term by g, we have 2
«2+42pzx=gq,

an equation containiné but three terms; and we see, from
the above examples, that every complete equation of the
second degree may be reduced to this form.

123. We wish now to show that there are four forms
under which this equation will be expressed, each depend-
ing on the signs of 2p and g¢.

1st. Let us for the sake of illustration, make
2p=+4, and ¢g=+5:
we shall then have x2442=>5.
2nd. Let us now suppose
2p=—4, and ¢g=+5:
we shall then have 2?2 —4xr=>5.
3rd. If we make

2h=+4, and g=—5,

we have a2 4+4x=—>5.
4th. If we make
2p=—4, and ¢g=-—25,
we have 22 ~Pz=—5.
b

Quest.—123. Under how many forms may every equation of the
second degree be expressed? On what will these forms depend? What
are the signs of the coefficient of z and the known term, in the first
form? What in the second? What in the third? What in the fourth !
Repeat the four forms. ‘
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We therefore conclude that every complete equation of
the second degree may be reduced to one of these form-:
2?+-2px=+g¢, 1stform.
22—2pr=-+g¢, 2nd form.
x?+2pr=—gq, 3rd form.
2?—2pxr=—gq, 4th form.
124. Remark.—If, in reducing an equation to either of
these forms, the second power of the unknown quantity

should have a negative sign, it must be rendered positive
by changing the sign of every term of the equation.

125. We are next to show the manner in which the
~alue of the unknown quantity may be found. We have
ween (Art. 38), that

(x+p)?=a+2px+p?;
and comparing this square with the first and third forms, we
see that the first member in each contains two terms of the
square of a binomial, viz : the square of the first term plus
. twice the product of the 2nd term by the first. If, then, we
“ take half the coefficient of «, viz : p, and square it, and add
to both members, the equations take the form

«?+2pz+pP=q +p?
22+ 2pe+p*= —gV+p%,

in which the first members are perfect squares. This is

Quest.—124. If in reducing an equation to either of these forms the
coefficient of z* is negative, what do you do 1—125. What is the square
of a binomial equal to? What does the first member in each form con-
tain? How do you render the first member a perfect square? What is
this called ?
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called completing the square. Then, by extracting the
square root of both members of the equation, we have

z+p==+ g+
and atp=++—g¢+
which gives, by transposing p,
z=—p=x vq+p5
e=—px v —g+p

~=
126. If we compare the second and fourth forms with
the square

(z—p)y=2>—2pz+p?

we also see that half the coefficient of # being squared and
added to both members, will make the first members perfect
squares. Having made the additions, we have

2*—2pz+p’=q+p?
22 —2px+p*= —q+p3

Then, by extracting the square root of both members, we
have

e—p=£v/¢+p"

and . e—p=xV—g+p5

and by transposing —p, we find
z=pt+4/q ;2,

and z=p++y/—q+p%

Quest.—126. In the second form, how do you make the first mem-
ber a perfect square ?
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127. Hence, for the resolution of every equation of the
econd degree, we have the following

RULE.
I. Reduce the equation to one of the known forms.

I1. Take half the coefficient of the second term, square it,
«and add the result to both members of the equation.

II1. Then extract the square root of both members of the
equation ; after which, transpose the known term to the second
member.

Remark.—The square root of the first member is always
equal to the square root of the first term, plus or minus half
the coefficient of z.

EXAMPLES IN THE FIRST FORM.

1. What are the values of x in the equation

Q2?4 8x=64 ?
If we first divide by the coefficient 2, we obtain
x2440=32.
Then, completing the square,
2+ 4z+4=32+4=36.
Extracting the root,
z+2==+ 4/36=+46 or —6.

Hence, o= —24-6=44;

or, ) r=—2—6=-—8.

QuzsT.—127. Give the general rule for resolving an equation of the
second degree. What is the first step? What the second? What the
third? What is the squaze root of the first member always eqnal to !
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That is, in this form the smaller root is positive, and the
larger negative.

Verification.
If we take the positive value, viz: z=+44,
the equation x4 4x=32
- gives . 424+4x4=32:
and if we take the negative value of z, viz: z=—8,
the equation 224 4x=32
gives (—8)2+4(—8)=64—32=32.

From which we see that either of the values of z, viz:
=44 or x=—8, will satisfy the equation.
2. What are the values of z in the equation
322+4122—19=—2a2—1224-89 ?
By transposing the terms, we have
3224224122+ 120=89+419:

and by reducing,
4224+-242=108;

and dividing by the coefficient of 2,
224 62=27.
Now, by completing the square,
224+ 6N} 9=36; .
extracting the square root,
z4+3==1/36=46 or —6:
heﬂce, z=+4+6—3=+43;

or, e=—6—3=—9.
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Verification.
If we take the plus root, the equation

224 6x=27

gives (3)2+46(3)=27;

and for the negative root, V
x24-62=27

gives (—9)2+46(—9)=81—54=27.

4. What are the values of z in the equation
32—103+l5=m5—2—34x+ 155.

By clearing the fractions, we have
522 —502475=a?—17024775 :
by transposing and reducing, we obtain
42?2 4-1202="700 ;
then, dividing by the coefficient of 2, we have
224-30x=175;
and by completing the square,
#+300+225=400;
and by extracting the équare root,

2+ 15== 1/400=+420 or —20.

Hence, x=-+5 or —35.
Verification.
For the plus value of z, the equation
22430x=175

gives (5)7+430 X 5=25+150=175.
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And for the negative value of x, we have
(—35)3+430( —35)=1225—1050=175.

5. What are the values of = in the equation

‘ Clearing the fractions, we have
1022 —6x+9=96—8x—12224273 ;

transposing and reducing,
2227+ 22=360 ;
dividing both members by 22,

2 360
R

3
Add (21—2) to both members, and the equation becomes

'2"'_”"'(22) 360 (22)

whence, by extracting the square root,

therefore,
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It remains to perform the numerical operations. Ia the

first place, 360+(22) must be reduced to a single num-

ber, having (22)? for its denominator.

360 ( ) 360x22+4+1 7921
22 Ty (2ap’

extracting the square root of 7921, we find it to be 89;

therefore,
1 89
*V= +(22) =+

Consequently, the plus value of « is

Now,

89 88
= 22"'22 b
and the negative value is
1 89 45
= —

R Ve
that is, one of the two values of « which will satisfy the

proposed equation is a positive whole number, and the other
a negative fraction.

6. What are the values of » in the equation
323420 —9=76.
Ans. =5
- 1 { ¢=-—5‘.
7. What are the values of z in the equation

a3+ 83:+7=54i—%+ 197.

Ans. =8
ne {.8—11*-

16
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8. What are the values of = in the equation

f 2 +15= £—8x+95}
=9
Ans. §°
i { a=—64}
9. What are the values of = in the equation
-“;—2—:"3—8=-—-7z+6§
Ans. =2
s { 2=—"7%.
10. What are the values of « in the equation
2 =z a2 =2 13
EI S R TR
) z=1
Ans. {.‘t=—2*.

EXAMPLES IN THE S8ECOND FORM.

1. What are the values of « in the equation
2?2—8x410=19.
By transposing,
2?2—82x=19—10=9,
then by completing the square
22 —8x416=9+16=25,
and by extracting the root
g—4=:+/25=+5 or 5.

Hence,
*=445=9 or x=4—5=-—1.

That is, in this form, the largest root is positive and the
smaller negative.

e — — —
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Verification.
If we take the positive value of z, the equation
2?2—82=9 gives (9)2—8x9=81-72=9;
and if we take the negative value, the equation
22—82=9 gives (—1)2—8(—1)=1+48=9;
from which we see that both values alike satisfy the equa-
tion.

-~

2. What are the values of « in the equation
%2+-;—15= -?+w-—l4-}.
By clearing the fractions, we have
6224 42—180=3x2+120=177
and by transposing and reducing
322 —82=3,
and dividing by the co-efficient of 2, we obtain

]
z’—;&::l.
Then, by completing the square, we have
zz—— + 6_1 +§_2"’

and by extracting the square root,

4 25 5 5
m-—-3—= + \/%: +—3— or -3

Hence,
4 5 4 5 1
3=?+?= +3, or t_?—?_ -3
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‘ Verification.
For the positive value of x, the equation

8
. 8
gives 8’——3—x 3=9—-8=1:
atid for the negative value, the equation
8
C’—;@:l
. 1 8
G i e
3 What are the values of x in the equation
x2 a
=z 2z =81
T —5+7i=81

Clearing the fractions, and dividing by the coefficient of
«2, we have

D’-—%&: 14
Completing the square, we have

1_49
936’

then, by extracting the square root, we have

1 4 7 7
3 *V%=ts T %’

:e’—-z—c-l- —=14+4—=

hence,
1.7 _9 1 7 5
=3teg=e=lh ¥ e=3 5%
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Verification.
If we take the positive value of z, the equation
m’—%a:: 1}
gives (l})’——:—x 13=2}—-1=1}:

and for the negative value, the equation

2
ﬁ*;@:l*

: 5\2 2 5 25 10_45
gives ( 6) 37X~ 63 15-36— ¢
4. What are the values of x in the equation_

4a?—2x%+42ar—=18ab—1852 ?

By transposing, changing the signs, and dividing by 2, it
becomes

x?—axr=2a>—9ab+4- 952 ;

whence, completing the square,
a? 2
2—ar+—=———~9ab+495% ; N

extracting the square root,

a / §a5

2
Now, the square root of %‘—sab+91>’, is evidently

3—;-—3b. Therefore,

a 3a x= 2a—3b,
'=-§-t(?—3b)’ or g:::— a+-3b.
16*
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What will be the numerical values of x, if we suppose
a=6 and b=11?
5. What are the values of = in the equation

%¢_4—c=+2z—i¢’=45-343+4az

7,12 ) to within
‘ Ans. { 2=—573% 0,01.
6. What are the values of « in the equation

823 —14x+10=22434 ?

Ans. { = 3.
e=—1.
7. What are the values of z in the equation
i:——-30+z=2z-—22 ?
Ans { = 8.
p— : e=—4.
8. What are the values of z in the equation
x’—3¢+°;—’=9'c+ 13} ?
Ans. {z: 9.
. z=—1.
9. What are the values of z in the equation
- 2ax—ad=—2ab—b%?
2a+4-5.
Ans. { e=—b.
10. What are the values of z in the equation
mz?

x=,T_'L#{M+ m)

Ans,

|

a=—s(tn —  ERT PRI ). ‘

|
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EXAMPLES IN THE THIRD FORM.
1. What are the values of z in the equation
24+4r=—31?
First, by completing the square, we have
x24-4zx4+-4=—3+4=1;

and by extracting the square root,
‘ z24+2=x41=+1 or —1:
hence, 2=—2+1=—1; or z=—2—1=-3.

That is, in this form both the roots are negative.

Verification.
If we take the first negative value, the equation
x24-42=—3
gives (—12+4(—1)=1—4=-3;
and by taking the second value, the equation
. 2?44x=—3
gives  (—3)+4(—3)=9—12=—3:

hence, both values of = satisfy the given equation.

2. What are the values of z in the equation
a? 1

By transposing and reducing, we have
—a?—110=28;

187

then since the coefficient of the second power of z is nega«

tive, we change the signs of all the terms which gives

a?4-1le=—28,
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then by completing the square

22+ 112+ 30,25=2,25,
hence,

z—55==4+225=+15 or —1,5.
consequently,
x=—4 or x=-1.

3. What are the values of « in the equation
23 7
—§ —2e—S=g o455,

Ans. { e=—=
x=—"5.

4. What are the values of « in the equation

2224 8r= —23-—-—2—-2.

r=—4
Ans. {c: -3
5. What are the values of z in the equation
4z’+%m+33=—14z—3§—4m’.
A 2=—2
e { r=—1%.
6. What are the values of 2 in the equation
3 4z
—x’—-4—Tw=—2- +24x4-2.
r=—8
Ans. { z=—3.

7. What are the values of x in the equation
-—;-c”+7a:+20= —%zz-l 12—60.
Ans. {4::—10.

x=— 8.




EQUATIONS OF THE SEOOND BRGREE. 189

8. What are the values of = in the equation

5 1 1 1
ety =—te— g
r=—8
. Ans. {¢=-*.
9. What are the values of x in the equation
4 1 1 3
*=—10
Ans. { Y
10. What are the values of z in the equation
z—a22—3=6z+41.
r=—4
. Ans. { e=-—1.
11. What are the values of z in the equation
B+42—90=—93.
=3
Ans. { a=-—1.

EXAMPLES IN THE FOURTH FORM.
1. What are the values of « in the equation
2?2—8x=—17.
By completing the square we have
a2—82+16=—74+16=9;
then by extracting the square root

z—4=+4/9=43 or -3;
hence, :
=47 or x=+1.

That is, in thiv form, both the roots are positive
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Verification.
If we take the largest root, the equation
a?—Bx=—T7 gives T?—8x7=49—56=—7;
and for the smaller, the equation
2?2—8z=—7 gives 1?*—8x1=1—-8=-7:
hence, both of the roots will satisfy the equation.
.2. ‘What are the values of « in the equation

—14224-32—10= 1}33—183+%.

By clearing the fractions, we have ;
—322462—20=322—362-4-40; -
then by collecting the like terms
—622+4422=60;

then by dividing by the coefficient of 22, and at the same
time changing the signs of all the terms, we have

2?2 —T72=—10.
By completing the square, we have
22 —T2+12,25=2,25,
and by extracting the square root of both members,
z—3,5==%+/225=+1,5 or —1,5.

hence,
*=3,641,6=5, or x=3,6—1,6=2.
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Verification.
If we take the larger root, the equation
?—Tx—=—10 gives 52—7X5=25—35=—10;
and if we take the smaller root, the equation
22—7r=—10 gives 22—7XxX2=4—14=—10.
3. What are the values of « in the equation
—324-22+1=17$x—222—3.
By transposing and collecting the terms, we have
422 —204x=—4;
then dividing by the coefficient of 22 we have

a?—b5la=—1.
By completing the square, we obtain
169 169 144
2. AR B T kel .
#=dfat op=—ltor=g5 :
and by extracting the root
144 12 12
x‘—2—§=:1: —§g=+-5— or- -—?,

hence,
12

12 1
a.'=2*+-5— =5; or, m=2§-——5— =5
Verification.
If we take the larger root, the equation
2?2—5}x=—1 gives 52—5}x5=25—26=—1;
and if we take the smaller root, the equation

. 142 1 1 26
x’—b}w:—l -nges (-5—) —Qx?_%—z—.,’:—-l.
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4. What are the values of 2 in the equation
-—zz-az+- —.—c’+--¢---r

==3.
Ans. {m::}.
5. What are the values of « in the equation :
— 4ot 1= —Ba4 8o

x=8.

Ans. { z=}.
6. What are the values of z in the equation
1 1

- o 1
4'2"' ST it 20 T .
' =

Ans. { z=%.

7. What are the values of x in the equation
a3 —104r=—11

z=10.

Ans. {w=115-
8. What are the values of = in the equation

—27w+l7z. +100._ +l2z—26¥

2="7.

- Ans. {3=5.
9. What are the values of & 1n the eguation

-8—;2—-—22c+15=—~‘-73£-+281—30?

=9,

Ans. i.’c::l.
10. What are the values of z in the equation
30— 300 + 3= o3+ Byu—s¢

r=11

ans. {

e=qk

1
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Properties of the Roots.

128. We have thus far, only explained the methods of
finding the roots of an equation of the second degree. We
are now going to show some of the properties of these roots.

The first form.
129. The first form
o2 4-2pr=—q
gives 1st root e=— p+/q+p%
2nd root z=— p—+/q+p5
and their sum =—2p.

Since, in this form ¢ is supposed positive, the quantity
g++p* under the radical sign will be greater than p?, and
hence itd root will be greater than p. Consequently the
first root, which is equal to the difference between p and
the radical, will be positive and less than p. In the second
root, p and the radical have the same sign; hence, the
‘second root will be equal to their sum and negative. If we
multiply the two roots together, we have

-+ VIFP
—P — Vetp
+P—pVa+p

oV TP =g
Pmd“ct equal to . . . . -—q.

Quxst.—129. In the first form, have the roots the same or contrary
signs? What is the sign of the first root? What of the second!
‘Which is the greater? What is their sum equal to! What is their
product equal to ?

17
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Hence we concludv,

1st. That in the first form one of the roots is always posi-
tive, and the other negative.

2nd. That the positive root is numerically less than the
negative.

3rd. TRhat the sum of the two roots is equal to the coefficient
of X in the second term, taken with a contrary sign.

4th. That the product of the two roots is equal to the known
term in the second member, taken with a contrary sign.

EXAMPLES.

1. In the equation
x24-2=20,

we find the roots to be 4 and —5. Their sum is —1,
and their product —20. ’

2. In the equation
a24-22=3,

we find the roots to be 1 and —3. Their sum is equal to
—2, and their product to —3.

3. The roots of the equation

224 2=90,
are +9 and —10. Their sumis —1, and their product
—90. '
4. The roots of the equation
22+4-42=60,
are 6 and —10. Their sum is —4, and their product is
—60.

W
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Let these principles be applied to each of the examples
under “ EXAMPLES IN THE FIRST FORM.”

Second Form.

130. The second form is,

a2 —2px=gq;
and by resolving the equation we find
1st .root, ' z=+p+1/q+;5
2nd root, = +E_3£9+Z
and their sum = 2p.

In this form, the first root is positive and the second
negative. If we multiply the two roots together, we have

(P+ VA X (p—VeFP)=—¢.

Hence we conclude,

1st. That in the second form ome of the roots is positive
and the other negative.

2nd. Tkat the positive root is numerically greater than the
negative.

3rd. That the sum of the roots is equal to the coefficient of
X in the second term, taken with a contrary sign.

4th. That the product of the roots is equal to the known
term in the second member, taken with a contrary sign.

Quest.—130. What is the sign of the first root in the second form ?
‘What is the sign of the second? Which is the greater? What is their
sum equal to? What is their product equal to ?
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EXAMPLES.
1. The roots of the equation
P—r= 12:

are +4 and —3. Their sum is +1, and their product
—12.

2. The roots of the equation

3—98a=1,
are 410 and —l—lo. Their sum is 9%, and their product
is —1.
3. The roots of the equation
x2—6x=186,

are +8 and —2. Their sum is +6, and their product
is —16. '

4. The roots of the equation

22—112z=80,

are +16 and —5. Their sum is +11, and their product
is —80.

Let these principles be applied to each of the examples
under “ EXAMPLES IN THE SECOND FORM.”

Third Form.
131. The third form is,
a’+-2px= —¢;
and by resolving the equation we find,
1st root, z=—p+v —q+p%
2ad root, =—p—vV—g+p®

Their sum is = —2p
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In this form, the quantity under the radical being less
than p?, its root will be less than p: hence both the roots
will be negative, and the first will be numerically the least.

~ 1f we multiply the roots together, we have

(=p+V—gtP) X (—p—V =g +P)=+¢
Hence we conclude,
1st. That in the third form both the roots are negative.
2nd. That the first root is numerically less than the second.

" 3rd. That the sum of the two roots is equal to the coefficient
of x in the second term, taken with a contrary sign.

- 4th. That the product of the roots is equal to the known
term tn the second member, taken with a contrary sign.

EXAMPLES.

1. The roots of the equation
a2+ 9z = —20,

are —4 and —5. Their sum is —9, and their product
+20.

2. The roots of the equation
224 13r=—42,

are —6 and —7. Their sum is —13, and their product

+42.

Quest.—131. In the third form, what are the signs of the roots?
‘Which root is the least? What is the sum of the Toots equal to?
‘What is their product equal to ?

17%
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3. The roots of the equatian ‘
o34 23e=~1}, |
are —% and —2. Their sum is —2%, and their product
+13.
4. The roots of the equation
23+ 52=—86, 1

are —2 and —3. Their sum is. —5, and their product
is +6

Let these principles be applied to each of the examples
under ‘‘ EXAMPLES IN THE THIRD FORM.” |

Fourth Form. -

“ 182. The fourth form is,

22—2pr=—q;
and by resolving the equation we find,
1st l'oot, z=p+ -‘/ _q+;,
2nd root, a::p—-‘/ _q+p§
Their sum is =2p.

In this form, as well as in the third, the quantity under
the radical being less than p?, its root will be less than p:
hence both the roots will be positive, and the first will be
the greatest.

If we multiply the two roots together, we have

(p+V =g+ x(p— vV —g+p)=+¢.
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Hence we conclude,
1st. That in the fourth form both the roots are positive.
2nd. That the first root is greater than the second.

3rd. That the sum of the roots 1s equal to the coefficient of
X in the second term, taken with a contrary sign.

4th. That the product of the roots is equal to the known
term in the second member, taken with a contrary sign.

EXAMPLES.

1. The roots of the equation
P —Tr=—12,

are +4 and +3. Their sum is +7 and their pro-
duct +12.

2. The roots of the equatiol;
2 —14z=—24,

are +12 and +2. Their sum is 414 and their pro-
duct +24.

3. The roots of the equation
' 22— 20z=—36,
are +18 and +2. Their sum is 420 and their pro-
duct +-36. .
4. The roots of the equation
a2 —17r=—42,

‘are +14 and 43. Their sum is +17 and their pro-
.duct +42.

Qurer.—13%2. In the fourth form, what are the signs of the roots?
‘Which root is the greatest? What is the sum of the roots equal to?
‘What is their product equal to ?
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133. In the third and fourth forms the values of x some-
times become imaginary, and in such cases it is necessary
to know how the results are to be interpreted.

If we have ¢>p? that is, if the known term is  greater
than half the coefficient of x squared, it is plain that V—g¥p —g+p?
will be imaginary, since the quantity under the radical
will be negative. Under this supposition the values of =
in the third and fourth forms will be imaginary.

We will now show that, when in the third and fourth
forms, we have ¢>p?, the conditions of the question will be
incompatible with each other.

134. Before showing this it will be necessaryto estab-
lish a proposition on which it depends : -

If a given number be decomposed into two parts and those
parts multiplied together, the product will be the greatest pos-
sible when the parts are equal.

Let 2p be the number to be decomposed, and d the differ-
ence of the parts. Then

P +%= the greater part (page 80, Ex. 7.)
and —%: the less part.

and pz—'—f;_—.P, their product (Art. 40.)

Now it is plain that P will increase as d diminishes, and
that it will be the greatest possible when d=0: that is,

pXp=p*® is the greatest product.

QuesT.—133. In which forms do the values of z become imaginary?
When will the values of z be imaginary? Why will the values of z be
then imaginary ?
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Now, since in the equation
3 —2px=—q
Xp is the sum of the roots, and ¢ their product, it follows
that ¢ can never be greater than p2. The conditions of the
equation, therefore, fix a limit to the value of ¢, and if we
make ¢>p?, we express by the equation a condiion which
cannot be fulfilled, and, this contradiction is made apparent

by the values of « becoming imaginary. Hence we may
conclude that,

When the values of the unknown guantity are imaginary,
the conditions of the question are incompatible with each other.

EXAMPLES.

1. Find two numbers whose sum shall be 12 and pro-
Jduct 46.

Let z and y be the numbers.
By the 1st condition, a4y=12;
and by the 2d, xy=46.
The first equation gives
2=12—y.
Substituting this value for « in the second, we have
12y—y%=46;
and changing the signs of the terms, we have
y*—12y=—46.

Qoumer.—134. What is the proposition demonstrated in Article 1341
I the conditions of the question are incompatible, how will the values
of the unknown quantity be
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Then by completing the square
y3—12y+436 =—46+36=—10

which gives y=6+ +/—10,
and y_6 V—lO

both of which values are imaginary, as indeed they should
be, since the conditions are incompatible.

2. The sum of two numbers is 8, and their product 20:
what are the numbers ?

Denote the numbers by = and y.
By the first condition,

z+y=8;
and by the second, xy=20.
" The first equation gives
x=8—y
Substituting this value of « in the second; we have
8y—y2=20;
changing the signs, and completing the square, we have
y2—8y+16=—4;
and by extracting the root,
y=4++y/—4 and y=4—1/—1.
These values of y may be put under the forms (Art. 106),
y=4+2¢y/—1 and y=4—2¢y/—1.
3. What are the values of 2 in the equation -
2?+2x=—10.
, Ane. {a:: —1+43y/—=T.
z=—1-3¢/—T1.
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Ezxamples with more than one unknown quantity.

1. Given gx-l-y: 14} to find = and y.

a2 4-yP= lOQ
By transposing y in the first equation, we have
r=14—y ;

. and by squaring both members,
) x2=196—28y+y2.
Substituting this value for 2 in the 2nd equation, we have
196 —28y+y2+y2=100 ;
from which we have
y2—14y—=—48;
and by completing the square,
y2—14y+4-49=1;
and by extracting the square root,
y—T7==%41=+1 or —1:
hence, y=T7+1=8, or y=7—1=6.

If we take the larger value, we find #=6; and if we
take the smaller, we find x=8.

- Verification.
For the largest value, y=8, the equation
x+y=14 gives 648=14;
and a?+y2=100 gives 36464=100.
For the value y=6, the equation
z+y=14 gives 846=14;
and 224+y2=100 gives 644 36=100.
Hence, both sets of values will satisfy the given equation.

.
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' z—y=3
a?—y?=45

Transposing y in the first equation, we have
z=3+y;
and then squaring both members,
2=9+6y-+33.

Substituting this value for 23 in the second equatien, we
have

2. Givea { | tofind « and .

‘ 946y +y2—y2=45 ;
whence we have
6y=36 and y=6.
Substituting this value of y in the first equation, we have

z—6=3,
and consequently =3+46=9,
Verification.
z—y=3 gives 9—6=3;
and 23-y?=45 gives 81—36=45.
- 3. Given { zizz +2y’:j§; to find  and y.
Subtracting the first equation from the sacond, we have
247=18,
. which gives ¥?=9,
and y=+3 or —3.

Substituting the plus value in the first equation, we have
34 92=232;

{
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from which we find
x=+4+2 and x=-—11.

If we take the negative value, y= -3, we have from the
first equation,
22 92=22 ;
from which we find '
=411 and z=-2

Verification.
For the values y—=+3 and z=+2, the equation
2?4 32y=22
gives 2243 X2 %3=44+18=22:
and for the second value, x=—11, the same equation
2+ Bay =22

gives (—11)24-3x =11 %3=121—-99=22.

If now we take the second value of y, that is, y=—3,
and the corresponding values of z, viz, =+ 11, and
a=—2; for x=+11, the equation

o+ 32y =22
gives 1124-3x11 X —3=121 —99=22 ;
and for 2= —2, the same equation

a3 3oy =22
gives (—2)3+3x —2x —3=4+418=22,

as=y* (1)

4. Givon{x+y+:=7 (2)}toﬁndz,y,ando.
a3+y3+33=21 (3)
18
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Transposing y in the second equation, we have
she=T—y (4);
then squaring the members, we have
a2+ 2xz+22=49—14y+ >
If now we substitute for 2xzz its value taken from the
first equation, we have
2242y 22=49—14y+y?;
and cancelling %2 in each member, there results
x?+y2+22=49—14y.

But, from the third equation we see that each member of
the last equation is equal to 21 : hence

49—14y=21,
and 14y=49—21=28.
28
hence, y= -1—4=2.

Placing this value for y in equation (1) gives
xz=4;
and placing it in equation (4) gives
x+2=5, and a=5—=.

Substituting this value of « in the previous equation, we
obtain .
52—22=4 or 2?2—5z=-—4;

and by completing the square, we have
22—5246,25=2,5,

and 2—2,5=+4/25=+1,5 or —1,5;

hence, 2=2,54+1,5=4 or s=+42,5—15=1
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If we take the value
z=4, wefind z=1:
if we take the less value
z=1, wefind z=4.

3. Given 2 ++/zy+y = 19
and 2?4 ay+4*=133

Dividing the second equation by the first, we have

} toﬁnd::;andy.

x—M+ y=17
but 2+ zy+ y=19
hence, by addition, 22 +2y=26
or x4+ y=13
and substituting in lst equa. +/zy+13=19
or Vey= 6
and by squaring xy=36
From 2d equation, a*+ay +y?=133
and from the last . 3zy =108
Subtracting ' a2 —2xy+y?= 25
hence, z—y==%x 5
but z+y= 13
hence z=9 or 4; and y=4 or 9.

207

6. Given the sum of two numbers equal to @, and the

sum of their cubes equal to ¢, to find the numbers

x +y =a

By t-he conditions P+ pi=c.
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Putting 2=s+2, and y=s—2z, we have
a
a=2s, or 3=§-;

{ 23 =5343s%s54 35324 3°
y>=s3—3s3s4 3522—3°.

hence, by addition, 34 y3=2s3 4 6s22=c,

and

c—2s3 c—
whence = G and z=—=+ et
=s+ o3, and y=gs
or x=s 65} Yy=3F
or by putting for ¢ its value,

Y/ Y
w gy (g

NoTe.—What are the numbers when a=5 and ¢=35.

What are the numbers when ¢=9 and ¢=243.

QUESTIONS.

1. Find a number such, that twice its square, added to

three times the number, shall give 65.

Let = denote the unknown number. Then the equation

of the problem will be
222 432=65,
whence
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‘Therefore,
3 23 3 23 13
2:——"' -—5, and x=-—-4——T_—?.

Both these values satisfy the question in its algebraic
sense. For,

2% (5)2+3 x 5=2 X 25+15=65 ;

13\2 13 169 39 130
and 2(—?>+3x = — =g =65,

Remark.—If we wish to restrict the enunciation to its
arithmetical sense, we will first observe, that when x is
replaced by —au, in the equation 22+ 3x=65, the sign of
the second term- 3z only, is changed, because (—x)2=x2.

; Therefore, instead of obtaining = —-3—:1:?, we should

4
find _Ti?«%_s’ or a:_]23, and = —5, values which only

differ from the preceding by their signs. Hence, we may
say that the negative solution —1—23-, considered indepen

,dent.ly. of its sign, satisfies this new enunciation, viz: To
find a number such, that twice its square, diminished by three
times the number, shall give 65. In fact, we have

2x( )—3 13 lﬁi-—%’:ss

Remark.—The root which results from giving the plus
sign to the radical, generally resolves the question both
in its arithmetical and algebraic sense, while the second
root resolves it in its algebraic sense only.

18%
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Thus, mm the example, it was required to find a number,
of which twice the square added to three times the number
shall give 65. Now, in the arithmetical sense, added means
increased ; but in the algebraic sense it implies diminution,
when the quantity added is negative. In this sense, the
second root satisfies the enunciation.

2. A certain person purchased a number of yards of cloth
for 240 cents. If he had received 3 yards less of the same
cloth for the same sum, it would have cost him 4 cents more
per yard. How many yards did he purchase ?

Let 2= the number of yards purchased.

Then 3:?9- will express the price per yard.

If, for 240 cents, he had received 3 yards less, that is
x2—3 yards, the price per yard, under this hypothesis, would
have been represented by ;21—(; But, by the enunciation,
this last cost would exceed the first by 4 cents. Therefore,
we have the equation

240 240

z—3 x

whence, by reducing 22— 3x=180,

3 9 327
z_?:i:\/—“—+180= =

therefore =15 and r=-12.

The value 2=15 satisfies the enunciation ; for, 15 yards

for 240 cents gives or 16 cents for the price of

15°
one yard, and 12 yards for 240 cents, gives 20 cents for the
price of one yard, which exceeds 16 by 4.
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As to the second solution, we can form a new enuncia-
tion, with which it will agree. For, going back to the
equation, and changing x into —2, it becomes

240 240 240 240

— =4, o T oy,

—2—3 —=z x 43

an equation which may be considered the algebraic transla-
tion of this problem, viz: A certain person purchased a num-
der of yards of cloth for 240 cents: if he had paid the same
sum for 3 yards more, it would have cost him 4 cents less per
yard. How many yards did he purchase ?

Ans. 2=12, and z=—15.

3. A man bought a horse, which he sold after some time
for 24 dollars. At this sale, he loses as much per cent.
upon the price of his purchase as the horse cost him.
‘What did he pay for the horse ?

Let z denote the number of dollars that he paid for the
liorse, z—24 will express the loss he sustained. Bmu
he lost = per cent. by the sale, he must have lost 1—00-
upon each dollar, and upon x dollars he loses a sum de-

noted by —%6- ; we have then the equation

mz

160 —=x—24, whence 22~—1002=-—2400.
and 2=50++/ 2500—2400=50=+10.
Therefore, =60 and x=40.

Both of these values satisfy the question.

For, in the first place, suppose the man gave $60 for the
horse and sold him for 24, he loses 36. Again, from the
"enunciation, he should lose 60 per cent. of 60, that is,
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60 60 x 60
Too °f 8% g0
fore, 60 satisfies the enunciation.

Had he paid $40, he would have lost $16 by the sale ;

1?0 . which

reduces to 16 ; therefore, 40 verifies the enunciation.

, which reduces to 36 ; there-

for, he should lose 40 per cent. of 40, or 40 X ——

4. A man being asked his age, said the square root of
my own age is half the age of my son, and the sum of
our ages is 80 years: what was the age of each?

Let xz= the age of the father.

y=that of the son.

Then by the first condition
xr= ?,
and by the second condition
z+ y=80.
If we take the first equation
vi=L,
and square bothmembers, we have
y2
a=2

If we transpose y in the second, we have
*2=80—y:
from which we find

Yy=—214/324=16;
by taking the plus root, which answers to the question in
its arithmetical sense. Substituting this value, we find
z=64. : Ans. § Father’s age 64
 Son’s 16.



EQUATIONS OF THE SECOND DEGREE. 913

5. Find two numbers, such that the sum of their pro-
ducts by the respective numbers a and 5, may be equal to
23, and that their product may be equal to p.

Let z and y be the required numbers, we have the equa-
tions

ar+by=2s.
and : 2y=p.
From the first y=2s;a:c ;
whence, by substituting in the second, and reducing,
ax?—2sx=—bp.

Therefore, z::%:!:%.‘/m

and consequently,
s_ 1 :
y:—b—:FT'\/ F—GE.
This problem is susceptible of two direct solutions, be-

cause s is evidently > 4/s?—abp; but in order that they
may be real, it is necessary that s2> or =alp.

Let a=b=1; the values of 2 and y reduce to

z=s+t1/—p and y=sx/L—p.

Whence we see, that the two values of x are equal to
those of y, taken in an inverse order; which shows, that if
s+ 1/s—p represents the value of z, s— 4/s?°—p will re-
present the corresponding value of y, and reciprocally.

This circumstance is accounted for, by observing that in
this particular case the equations reduce to

]
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and then the question is reduced to, finding two numbers of
which the sum is 2s, and their product p, or in other words,
to divide @ number 2s, into two such parts, that their product
may be equal to a given number p.

Let us now suppose
2s=14 and p—=48:

what will then be the values of « and y?

Ans {3::8 or 6.
" Uy=6 or 8.

6. A grazier bought as many sheep as cost him £60, and
after reserving fifteen out of the number, he sold the re-
mainder for £54, and gained 2s. a head on those he sold :
how many did he buy ? Ans. 75.

= 7. A merchant bought cloth for which he paid £33 15s.,
which he sold again at £2 8s. per piece, and gained by the
bargain as much as one piece cost him : how many pieces
did he buy ? Ans. 15.
. 8. What number is that, which, being divided by the pro-
duct of its digits, the quotient is 3 ; and if 18 be added to
it, the digits will be inverted ? Ans. 24.
9. To find a number, such that if you subtract it from 10,
and multiply the remainder by the number itself, the product
shall be 21. Ans. 7 or 3.

10. Two persons, A and B, departed from different places
at the same time, and travelled towards each other. On

. meeting, it appeared that A had travelled 18 miles more

than B ; and that A could have gone B’s journey in 153

days, but B would have been 28 days in performing A’s
journey. How far did each travel ?

A 72 miles.

Ans. gB 54 miles.
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11. There are two numbers whose difference is 15, and
half their product is equal to the cube of the lesser num-
ber. What are those numbers ? Ans. 3 and 18.

12. What two numbers are those whose sum, multiplied
by the greater, is equal to 77 ; and whose difference, multi-
plied by the lesser, is equal to 12 ?

Ans. 4and 7,0r 34/2 and Y /2.

13. To divide 100 into two such parts, that the sum of
their square roots may be 14. Ans. 64 and 36.

14. It is required to divide the number 24 into two such
parts, that their product may be equal to 35 times their dif-

ference. Ans. 10 and 14.
15. The sum of two numbers is 8, and the sum of their
cubes 152. What are the numbers ? Ans. 3 and 5.

16. Two merchants each sold the same kind of stuff;

the second sold 3 yards more of it than the first, and to-
gether they receive 35 dollars. The first said to the second,
“] would have received 24 dollars for your stuff';” the
other replied, “ And I should have received 12} dollars for
yours.” How many yards did each of them sell ?

1st merchant xr=15 r=>5.
Ans. §
t2nd  , y=18 7 y=s.

17. A widow possessed 13,000 dollars, which she divided
into two parts, and placed them at interest, in such a man-
ner, that the incomes from them were equal. If she had
put out the first portion at the same rate as the second, she
would have drawn for this part 360 dollars interest ; and if
she had placed the second out at the same rate as the first,
she would have drawn for it 490 dollars interest. What
were the two rates of interest ?

Ans. 7 and 6 per cent.
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CHAPTER VIIL

Of Proportions and Progressions.

135. Two quantities of the same kind may be compared
together in two ways :—

1st. By considering how much one is greater or less than
the other, which is shown by their difference ; and,

2nd. By considering how many times one is greater of
less than the other, which is shown by their quotient.

Thus, in comparing the numbers 3 and 12 together with
respect to their difference, we find that 12 exceeds 3 by 9 ;
and in comparing them together with respect to their quo-
tient, we find that 12 contains 3 four times, or that 12 is 4
times as great as 3.

The first of these methods of comparison is called Aritk«
metical Proportion, and the second Geometrical Proportion.

Hence, Arithmstical Proportion considers the relation of
quantities with respect to their difference, and Geometrical
Proportion the relation of gquantities with respect to their
guotient.

Quest.—135. In how many ways may two quantities be compared
together?! What does the first method consider? What the second !
‘What is the first of these methods called? What is the second called?
How then do you define the two proportions 1
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Of Arithmetical Proportion and Progression.

136. If we have four numbers, 2, 4, 8, and 10, of
which the difference between the first and second is equal
to the difference between the third and fourth, these num-
bers are said to be in arithmetical proportion. The first
term 2 is called -an antecedent, and the second term 4, with
which it is compared, a consequent. The number 8 is also
called an antecedent, and the number 10, with which it is
compared, a consequent.

When the differencé between the first and second is equal
to the difference between the third and fourth, the four num-
bers are said to be in proportion. Thus, the numbers

2, 4, 8, 10, : )
are in arithmetical proportion.

137. When the difference between the first antecedent
and consequent is the same as between any two adjacent
terms of the proportion, the proportion is called an arith-
metical progression. Hence, a progression by differences, or
an arithmetical progression, is a series in which the succes-
sive terms continually increase or decrease by a constant
number, which is called the common difference of the
progression.

Thus, in the two series

1, 4, 7,10, 13, 16, 19, 22, 25, . . .
60, 56, 52, 48, 44, 40, 36, 32, 28, . . .

Quest.—136. When are four numbers in arithmetical proportion ?
‘What is the first called? What is the second called? What is the
third called? What is the fourth called?

19
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the first is called an sncreasing progression, of which the
common difference is 3, and the second a decreasing pro-
greasion, of which the common difference is 4.

In general, let a, b, ¢, d, ¢, f, . . . designate the terms
of a progression by differences ; it has been agreed to write
them thus :

a.b.c.d.e.f.g.h.i.k....

This series is read, aisto b, as bistoc,as cisto d, as d
is to e, &c. This is a series of continued equi-differences,
in which each term is at the same time a consequent and
antecedent, with the exception of the first term, which is
only an antecedent, and the last, which is only a consequent.

138. Let r represent the common difference of the
progression

a.b.c.d.e.f.g.h &

which we will consider increasing.
From the definition of the progression, it evidently follows
that

b=a+r, c=b4r=a+2r, d=ctr=a+3r;

and, in general, any term of the series is equal to the first
* term plus as many times the common difference as there are
preceding terms.

Thus, let I be any term, and n the number which marks
the place of it: the expression for this general term is

1=a+(n-—l)r.

Quest.—137. What is an arithmetical progression? What is the
number called by which the terms are increased or diminished? What
is an increasing progression? What is a decreasing progression 1
‘Which term is only an antecedent? Which only a consequent ?
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Hence, for finding the last term, we have the following

RULE.

1. Multiply the common difference by one less than the
number of terms.

I1. To the product add the first term: the sum will be the
last term.

EXAMPLES.

The formula !=a+(n—1)r serves to find any term
whatever, without our being obliged to determine all those
which precede it.

1. If we make n—=1, we have l=a; that is, the series
will have but one term. '

2. If we make n=2, we have l—=a--r ; that is, the series
will have two terms, and the second term is equal to the
first plus the common difference.

3. If =3 and r=2, what is the 3rd term?  Ans. 7.
4. If =5 and r=4, what is the 6th term? Ans. 25.
5. If a=7 and r=>5, what is the 9th term? Ans. 47.
6

. If a=8 and r=>5, what is the 10th term ? .
Ans. 53.

7. If a=20 and r=4, what is the 12th term?

: Ans. 64.

8. If a=40 and r=20, what is the 50th term ?

. Ans. 1020.

Quest.—138. Give the rule for finding the last term of a series when
the progression is increasing.
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9. If a=45 and r=30, what is the 40th term ?

Ans. 1215.
10. If =30 and r=20, what is the 60th term?

Ans. 1210.
11. If a=50 and r=10, what is the 100th term ?

Ans. 1040.

12. To find the 50th term of the progression
1.4.7.10.13.16.19...,
we have 1=1449x3=148.
13. To find the 60th term of the progression
1.5.9.13.17.21.25
~ we have I=1+459x4=237.

139. If the progression were a decreasing one, we
should have

l=a—(n—1)r.

Hence, to find the last term of a decreasing progression,
we have the following

RULE.

I. Multiply the common difference by one less than the num-
ber of terms.

I1. Subtract the product from the first term : the remainder
will be the last term.

Quzst.—139. Give the rule for finding the last term of a series,
when the progression is decreasing.
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EXAMPLES.

1. The first term of a decreasing progression is 60, the
number of terms 20, and the common difference 3 : what
is tne last term ?

l=a—(n—1)r gives 1=60—(20—1)3=60—57=3.

2. The first term is 90, the common‘ difference 4, and
the number of terms 15 : what is the last term ? Ans. 34.

3. The first term is 100, the number of terms 40, and the
common difference 2 : what is the last term ? Ans. 22.

4. The first term is 80, the number of terms 10, and the
common difference 4 : what is the last term ? Ans. 44.

5. The first term is 600, the number of terms 100, and
the common difference 5 : what is the last term ?
Ans. 105.

6. The first term is 800, the number of terms 200, and
the common difference 2 : what is the last term ?
Ans. 402.

140. A progression by differences being given, it is
proposed to prove that, the sum of any two terms, taken at
equal distances from the two extremes, is equal to the sum of
the two extremes.

That is, if we have the progression
2.4.6.8.10. 12,
we wish to prove that
4410 or 648

is equal to the sum of the two extremes 2 and 12.
190 ‘
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Let a . b.c.d.e.f....¢i.k.1 be the pro-
posed progression, and n the number of terms.

We will first observe that, if = denotes a term which has
p terms before it, and y a term which has p terms after it,
we have, from what has been ga.id,
x=a+tpXr,
and y=l—pxr;
whence, by addition, z+y=a+1

Which demonstrates the proposition.

Referring this proof to the previous example,if we sup-
pose, in the first place, 2 to denote the second term 4, then
y will denote the term 10, next to the last. If z denotes
the 3rd term 6, then y will denote 8, the third term from
the last. ~

Having proved the first part of the proposition, write the
progressi.on below itself, but in an inverse order, viz :

a.b.c.a.e.f...t'.k.'l.
. k.i.........¢.b.a

Calling S tie sum of the terms of ‘the first progression,
28 will be the sum of the terms in both progressions, and
" we shall have

28=(a+1)+ b4k +(c+i) . . . +(i+c)+(k+b)+(I+a).

Now, since all the parts a+-J, b+%, ¢4-i . . . are equal
to each other, and their number equal to »,

2S=(a+l)7;, or S:( a;-l)".
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Hence, for finding the sum of an arithmetical series, we
have the following

RULE.
1. Add the two extremes together, and take half their sum.

II. Multiply-the half-sum by the number of terms; the
product will be the sum of the series.

~

EXAMPLES.

1. The extremes are 2 and 16, and the number of terms
8 : what is the sum of the series ?

2416

D) X8="72.

a+l .
S=( 3 )xn, gives S=
2. The extremes are 3 and 27, and the number of terms

12 : what is the sum of the series ? Ans. 180,

3. The extremes are 4 and 20, and the number of terms
10 : what is the sum of the series ?. Ans. 120,

4. The extremes are 100 and 200, and the number of
terms 80 : what is the sum of the series ? Ans. 12000.

5. The extremes are 500 and 60, and the number of terms
20 : what is the sum of the series ? Ans. 5600.

6. The extremes are 800 and 1200, and the number of
terms 50 : what is the sum of the series ? Ans. 50000.

N

Quest.—140. In every progression, what is the sum of the two ex-
tremes equal to? What is the rule for finding the sum of an arithmeti-
cal series ?
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141. In arithmetical proportion there are five numbers
to be considered :—

1st. The first term, a.

2nd. The common difference, r.
3rd. The number of terms, n.
4th. The last term, 1.

5th. The sum, S.

The formulas

a4l
l=a+(n—1)r and s=( . )xu
contain five quantities, @, r, n, , and S, and consequently
give rise to the following general problem, viz: Any three
of these five quantities being given, to determine the other
two.

Wb already know the value of S in terms of a, n, and r.
From the formula
l=a+(n—1)r,

we find a=l—(n—1)r.
That is : The first term of an increasing arithmetical pro-
gression is equal to the last term, minus the product of the
common difference by the number of terms less one.

From the same formula, we also find
l—a
n—1
That is : In any arithmetical progression, the common differ-
ence is equal to the difference between the two extremes divided
by the number of terms less one.

r—

Quest.—141. How many numbers are considered in arithmetical
proportion? What are they? In every arithmetical progression, what
is the common difference equal to
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The last term is 16, the first term 4, and the number of
terms 5 : what is the common difference ?

The formula T or= l—a
n—1
gives r= 16—4 =3.

2. The last term is 22, the first term 4, and the number
of terms 10: what is the common difference ? Ans. 2.

142. The last principle affords a solution to the follow-
ing question :

To find a number m of arithmetical means between two
given numbers a and b.

To resolve this question, it is first necessary to find the
common difference. Now, we may regard a as the first
term of an arithmetical progression, b as the last term, and
the required means as intermediate terms. The number of
terms of this progression will be expressed by m+-2.

Now, by substituting in the above formula, 5 for /, and
m+4-2 for n, it becomes

_ b—a _ b—a
T mte—1 m+1

.

2

that is, the common differcnce of the required progression is
obtained by dividing the difference between the given num-
bers a and b, by one more than the required number of
means.

Quesr.—142. How do you find any number of arithmetical means
between two given numbers ?
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Having obtained the common difference, form the second
term of the progression, or the first arithmetical mean, by
b—a
m+1
is obtained by augmenting the first by r, &c.

1. Find three arithmetical means between the extremes
2 and 18.

adding r, or , to the first term a. The second mean

b—a
The formula rzm
gives r= 18:2 =4;

hence, the progression is
2.6.10. 14 . 18

2. Find twelve arithmetical means between 12 and 77.

The formula rz'%'-—;l
. 77—-12
gives =13 =5.
Hence the progression is
12 .17 .22 .27 ....77

143. Remark. If the same number of arithmetical
means are inserted between all the terms, taken two and
two, these terms, and the arithmetical means united, will
form but one and the same progression.

For, le¢ a.b.c.d.e.f... be the proposed
progression, and m the number of means to be inserted
between a and 4, b and ¢, c and d . . .




ARITHMETICAL PROGRESSION. 27

From what has just been said, the common difference of
each partial progression will be expressed by

b—a c—b d-—,e
m+1’ m+1’ m+1

which are equal to each other, since a, b, ¢ . . . are in
progression : therefore, the common difference is the same
in each of the partial progressions ; and since the last term
of the first, forms the first term of the second, &c, we may
conclude that all of these partial progressions form a single
progression.

EXAMPLES.

1. Find the sum of the first fifty terms of the progression
2.9.16.23...

For the 50th term we have

122449 X 7=345.
50 ‘
Hence, ~S=(2+345)x-=347x25=8675.

2. Find the 100th term of the series 2.9.16.23...

Ans. 695.
3. Find the sum of 100 terms of the series 1.3.5.
7.9 ... Ans. 10000.

4. The greatest term is 70, the common difference 3, and
the number of terms 21 : what ig the least term and the
sum of the series ?

Ans. Least term 10 ; sum of series 840.,

-
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5. The first term is 4, the common difference 8, and the
number of terms 8: what is the last term, and the sum of
the series ?

A { Last term 60.
ns.

Sum =256.

6. The first term is 2, the last term 20, and the number
of terms 10 : what is the common difference ?
Ans. 2.

7. Insert four means between the two numbers 4 and 19 :
what is the series ?

Ans. 4 .7 .10:13 .16 . 19.

8. The first term of a decreasing arithmetical progres-
. . 1
sion is 10, the common difference 3 and the number of

terms 21 : required the sum of the series.
Ans. 140.

9. In a progression by differences, having given the
common difference 6, the last term 185, and the sum of the
terms 2945 : find the first term, and the number of terms.

Ans. First term =5 ; number of terms 31.

-

= 10. Find nine arithmetical means between each antece-
dent and consequent of the progression 2.5.8.11.14 ...
. ' Ans. Common dif,, or r=0,3.

-~ 11. Find the number of men contained in a triangular bat-
talion, the first rank containing one man, the second 2, the
third 3, and so on to the: n*, which contains n. In other
words, find the expression for the sum‘of the natural num-
bers 1,2,3 . . ., from'l to n inclusively.

Ans. S=n(n+l)
) .
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_ 12.Find the sum of the a first terms of the progression
of uneven numbers 1, 3, 5, 7, 9 . . . Ans. S=n2.

13. One hundred stones being placed on the ground in a
straight line, at the distance of 2 yards from each other,
how far will a person travel who shall bring them one by
one to a basket, placed at 2 yards from the first stone ?

Ans. 11 miles, 840 yards.

—

Geometricul Proportion and Progression.

144. Ratio is the quotient arising from- dividing one
quantity by another quantity of the same kind. Thus, if
the numbers 3 and 6 have the same unit, the ratio of 3 to 6
will be expressed by

And in general, if A and B represent quantities of the same
kind, the ratio of A to B will be expressed by

B

=T

145. If there be four numbers
2, 4, 8, 16,

having such values that the second divided by the first is
equal to the fourth divided by the third, the numbers are

Quesr.—144. What is ratio? , What is the ratioof 3 to 67 Of 4
to 131
20
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aaid to be in proportion. And in general, if there be four
quantities, 4, B, C, and D, having such values that

B D

=T

then A is said to have the same ratio to B that C has ¢ D;
or, the ratio of A to B is equal to the ratio of C to D.
When four quantities have this relation to each other, they
are said to be in proportion. Hence, proportion is an equality
of ratios.

To express that the ratio of 4 to B is equal to the ratio
of C to D, we write the quantities thus:

A:B::C: D;

and read, A isto B as C to D.

The quantities which are compared together are called
the terms of the proportion. The first and last terms are
called the two extremes, and the second and third terms, the
two means. Thus, A and D are the extremes, and B and
C the means. '

146. Of four proportional quantities, the first and third
are called the antecedents, and the second and fourth the
consequents ; and the last is said to be a fourth proportional
to the other three taken in order. Thus, in the last pro-
portion A and C are the antecedents, and B and D the
consequents. ’

Quest.—148. What is proportion? How do you express that four
numbers are in proportion? What are the numbers called? What are .
the first and fourth called? What the second and third2—146. In four
proportional quantities, what are the first and third called? What the
second and fourth ?
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147. Three quantities are in proportion when the first
has the same ratio to the second that the second has to the
third ; and then the middle term is said to be a mean pro-
portional between the other two. For example,

3:6::6:12;

and 6 is a mean proportional between 3 and 12.

148. Quantities are said to be in proportion by inver-
sion, or inversely, when the consequents are made the ante-
cedents and the antecedents the consequents.

Thus, if we have the proportion
. ) 3:6::8: 16,
the inverse proportion would be
6:3::16: 8.

149. Quantities are said to be in proportion by alterna-
tion, or alternately, when antecedent is compared with ante-
cedent and consequent with consequent.

Thus, if we have the proportion
3:6::8:16,
the alternate proportion would be

3:8::6:16.

Quest.—147. When are three quantities proportional? ‘What is the
middle one called ! —148. When are quantities said to be in proportion
by inversion, or inversely 7—149. When are quantities in proportion by
alternation 1
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150. Quantities are said to be in proportion by compo
sition, when the sum of the antecedent and consequent is
compared either with antecedent or consequent.

Thus, if we have the proportion

2:4::8.16,
the proportion by composition would be
244 :4:: 8416 : 16;
that is, 6:4:: 24 : 16.
151. Quantities are said to be in proportion by division,
when the diflerence of the antecedent and consequent is

" compared either with antecedent or consequent.
Thus, if we have the proportion

3:9::12: 36,
the proportion by division will be )
9—-3:9::36—12 : 36;
that is, ’ 6:9::24 : 36.
152. Equi-multiples of two or more quantities are the

products which arise from multiplying the quantities by the

same number.
Thus, if we have any two numbers, as 6 and 5, and mul-

tiply them both by any number, as 9, the equi-multiples will
be 54 and 45; for

0x9=54, and 5x9=45.

Quest.—150. When are quantities in proportion by composition
—151. When sre quantities in proportion by division !—152. Wh.
aro equi-multiples of two or more quantities ? )
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Also, mx A and mx B are equi-multiples of A and B, the
common multiplier being m.

153. Two quantities, A and B, are said to be recipro-
cally proportional, or inversely proportional, when one in-
creases in the same ratio as the other diminishes. When
this relation exists, either of them is equal to a constant
quantity divided by the other.

Thus, if we had any two numbers, as 2 and 4, so related
to each other that if we divided one by any number we must
multiply the other by the same number, one would increase
just as fast as the other would diminish, and their product
would be constant.

154. If we have the proportion
A:B:: C: D,

B D

S=0 (An. 145);

we have

and l;y clearing the equation of fractions, we have
BC=AD.

That is, Of four proportional quantities, the product of the
two extremes is equal to the product of the two means.
This general principle is apparent in the proportion be-
tween the numbers
2:10:: 12 : 60,

which gives 2% 60=10X12=120.

Quest.—1563. When are two quantities said to be reciprocally pro-
portional 7—154. If four quantities are proportional, what is the product
of the two means equal to ?

20%
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1585. If four quantities, A, B, C, D, are so related to
each other that

B D
we shall also have 4=C
and hence, A:B::C:D.

That is : If the product of two quantities is equal to the pro-
duct of two other quantities, two of them may be made the
extremes, and the other two the means of a proportion.

Thus, if we have

2x8=4x4,
we also have
2:4::4:8
1586. If we have three proportional quan‘
) A:B::B:C,

toIO

B
we have =

hence, B2=AC.
That is : The square of the middle term is equal to the product

of the two extremes.
Thus, if we have the proportion
3:6::6: 12
we shall also have
6x6=62=3x12=36.

Quest.—155. If the product of two quantities is equal to the product
of two other quantities, may the four be placed in a proportion? How?
—156. If three quantities are proportional, what is the product of the
extremes equal to?
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157. If we have
B D
A: B:: C: D, and consequently TI=0

multiply both members of the last equation by %, we

then obtain,

_D
=3

Ko

and hence, A:C:: B:D.

That is: If four quantities are proportional, they will be in
proportion by alternation.

Let us take, as an example,
10 : 15 :: 20 : 30.
We shall have, by alternating the terms,
10 : 20 :: 15 : 30.
158. If we have
A:B::C:D and A:B:: E:F,
we shall also have

B_D qaB_F
A ¢ ™M ATE’
hence, —Ic)z—g- and C: D :: E: F.

That is: If there are two sets of proportions having an

Quesr.—157%. If four quantities are proportional, will they be in pro-
portion by alternation ?
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antecedent and consequent in the one equal to an antecedent
and consequent of the other, the remaining terms will be pro-
portional.
If we have the two proportions
2:6::8:24 and 2 :6 :: 10 : 30,
we shall also have
- 8:24 ::10: 30.
159. If we have

A: B:: C: D, andconsequently -3—:-0—,

we have, by dividing 1 by each member of the equation,

A_C '
=D and consequently B : A :: D : C.

That is: Four proportional quantities will be in proportion,
when taken inversely.

To give an example in numbers, take the proportion
7:14:: 8:16;
then, the inverse proportion will be
14 : 7 ::16 : 8,
in which the ratio is one-half.
160. The proportion
A:B:: C:D gives AxD=BxC.

Quest.—188. If you have two sets of proportions having an ante-
cedent and consequent in each, equal ; what will follow 2—189. If four
quantities are in proportion, will they be in proportion when taken in-
versely 1
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To each member of the last equation add Bx D\ We
shall then have

(A+B)x D=(C+D)xB;
and by separating the factors, we obtain
A+B:B:: C+D: D

If, instead of adding, we subtract Bx D from both mem-
bers, we have

(A—B)xD=(C—D)xB;
which gives
A—B:B:: C—-D: D.
That is: If four quantities are proportional, they will be in

proportion by composition or division.
Thus, if we have the proportion
9:27 ::16 : 48,
we shall have, by composition,
9427 : 27 :: 16448 : 48;
that is, 36 : 27 :: 64 : 48,
in which the ratio is three-fourths.
Tl;e proportion gives us, by division,
27—9 : 27 :: 48—16 : 48;
that is, 18 : 27 :: 32 : 48,

in which the ratio is one and one-half.

Qurer.—160. If four quantities are in proportion, will they be in pro-
portion by composition? WIll they be in proportion by division? What
is the difference between composition and division ?
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161. If we have

and multiply the numerator and denominator of the first
member by any number m, we obtain

mB D

A =C and mA : mB :: C: D.

That is : Egqual multiples of two quantities have the same
ratio as the quantities themselves.

For example, if we have the proportion
5:10 :: 12 : 24,

and multfply the first antecedent and consequent by 6, we

have
30 : 60 :: 12 : 24,

in which the ratio is still 2.
162. The proportions
A:B:: C:D and A: B:: E:F,
give AXD=BxC and AxF=BXxE;
adding and subtracting these equations, we obtain
A(D+F)=B(C+E), or A:B:: C+E : DxF.

That is : If C and D, the antecedent and consequent, be aug-
mented or diminished by quantities E and F, which have the
same ratio as C to D, the resulting quantities will also have
the same ratio.

Quest.—161. Have equal multiples of two quantities the same ratio
as the quantities '—162. Suppose the antecedent and quent be
sugmented or diminished by quantities having the same ratio ?

1
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Let us take, as an example, the proportion
9 :18:: 20 : 40,
in which the ratio is 2.

If we augment the antecedent and consequent by 15 and
_30, which have the same ratio, we shall have

9415 : 18430 :: 20 : 40;
that is, %4 : 48 :: 20 : 40,
in which the ratio is still 2.

If we diminish the second antecedent and consequent by
the same numbers, we have

9:18 :: 2015 : 40—30;
that is, 9:18 :: 5 : 10,
in which the ratio is still 2.
~163. If we have several proportions
A:B:: C: D, whichgives AxD=BXC,
A:B:: E:F, ” 9 AxF=BxE,
A:B:: G: H, » » AXH=BxG.
&e, &c,
we shall have, by addition,
A(D+F+H)=B(C+E+G);
and by separating the factors,
A:B:: C+E+G : D4+F+H.

That is: In any number of proportions having the same
ratio, any antecedent will be to its consequent, as the sum of
the antscedents to the sum of the consequents.
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Let us take, for example,
2:4::6:12 and 1:2::3:6, &c
Then, 2:4::64+3:1246;
that is, 2:4::9 . 18,
in which the ratio is still 2.
164. If we have four proportional quantities

A:B:: C: D, wehave %:%;
and raising both members to any power, as n, we have
B_D
A Cu’

and consequently
A*: B*:: C": D

That is : If four quantities are proportional, any like powers
or roots will be proportional.

If we have, for example,

2:4::3:6,

we shall have 22 : 42 :: 32 ; 62;
that is, 4 :16 :: 9 : 36,
in which the terms are proportional, the ratio being 4.

165. Let there be two sets of proportions,

A:B:: C: D, which gives B_D

A C’
F H
E:F::G:H, 9 ”» E=—G—

~ Quesr.—163. In any number of proportions having the same ratio,
how will any one antecedent be to its consequent —164. In four pro-
portional quantities, how are like powers or roots
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Multiply them together, member by member, we have

BF DH ... .
AE=CG which gives AE : BF :: CG : DH.
That is : In'two sets of proportional quantities, the products
of the corresponding terms will be proportional.  °

" Thus, if we have the two proportions

8:16 :: 10 : 20
and 3: 4:: 6: 8,
we shall have 24 : 64 :: 60 : 160,

.

Geometrical Progression.

166. We have thus far only required that the ratio of
the first term to the second should be the- same as that of
the third to the fourth.

If we impose the farther condition, that the ratio of the
second term to the third shall also be the same as that of the
first to the second, or of the third to the fourth, we shall have
a series of numbers, each one of which, divided by the
preceding one, will give the same ratio. Hence, if any
term be multiplied by this quotient, the product will be the
succeeding term. A series 6f numbers so formed is called
a geometrical progression. Hence,

A Geometrical Progression, or progression by quotients, is
a series of terms, each of which is equal to the product of

QuesT.~—165. In two sets of pmpoﬁions, how are the products of the

corresponding terms ?
21
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that which precedes it by a constant number, which number
is called the ratio of the progression. Thus,

1:3:9:27: 81 : 243, &c,

\
is a geometrical progression, which is written by merely
placing two dots between each two of the terms. Also,

64:32:16:8:4:2:1

is a geometrical progression, in which the ratio is one-kalf.

In the first progression each term is contained three times
in the one that follows, and hence the ratio is 3. In the
second, each term is contained one-half times in the one
which follows, and hence the ratio is one-half.

The first is called an increasing progression, and the
second a decreasing progression.

Let a,b,¢,d,¢, f, . . . be numbers in a progression by
quotients ; they are written thus:

a:bdb:c:d:esfrg...

and it is enunciated in the same manner as a progression by
differences. It is necessary, however, to make the distinc-
tion, that one is a series of equal differences, and the other
a series of equal quotients or ratios. It should be remarked
that each term is at the same time an antecedent and a con-
sequent, except the first, which is only an antecedent, and
the last, which is only a consequent.

QuesT.—166. What is a geometrical progression? What is the ratio
of the progression? If any term of a progression be multiplied by the
ratio, what will the product be? If any term be divided by the ratio,
what will the quotient be? How is a progression by quotients written ?
‘Which of the terms is only an antecedent? Which only & consequent?
How may each of the others be considered ?
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167. Let g denote the ratio of the progression
a:b:c:d...;

g being >1 when the progression is increasing, and ¢<1
when it is decreasing. Then, since

c d e
;'=q’ T=97 "c‘=9v '—d-=9, &ec,

we have

b=aq, c=bg=aq? d=cg=ag?® e=dg=agt,
f=eg=ag® . . .;
that is, the second term is equal to ag, the third to ag?, the
fourth to ag?, the fifth to ag*, &c; and in general, any term
n, that is, one which has n—1 terms before it, is expressed
by ag"—L.
Let I be this term ; we then have the formula
\ l=ag""1,
by means of which we can obtain any term without being
obliged to find all the terms which precede it. Hence, to
- find the last term of a progression, we have the following

RULE.
I. Raise the ratio to a power whose exponent is one less than
the number of terms.

II. Multiply the power thus fou}td by the first term : the
product will be the required term.

QuesT.—167. By what letter do we denote the ratio of the progres-
sion? In an increasing progression is g greater or less than 1?7 Ina
decreasing progression is ¢ greater or less than 17 If a is the first term
and ¢ the ratio, what is the second term equal to? What the third?
‘What the fourth? What is the last term equal to? Give the rule for
finding the last term.
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EXAMPLES.
1. Find the 5th term of the progression
2:4:8:16..
in which the first term is 2 and the common ratio 2.
5th term=2 X 2*=2X16=32 Ans.
2. Find the 8th term of the progression
2:6:18: 54
8th term=2 X 37=2 x2187=4374 Ans.
~ 8. Find the 6th term of the progression
’ 2:8:32:
6th term =2 x 45=2 x“ Ans 3048
1024 =
4. Find the 7th term of the progression
3:9:27:81..
7th term=3 X 36=3 X 729=2187 Aas.
5. Find the 6th term of the progression
2:36:108...
6th term =4 X 3°=4 X 243=972 Ans.

6. A person agreed to pay his servant 1 cent for the first
day, two for the second, and four for the third, doubling
every day for ten days: how much did he receive on the
tenth day ? Ans. $5,12
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7. What is the 8th term of the progression
9:36: 144 : 576 . ..
8th term=9 X 4"=9x 16384 =147456 Ans.
8. Find the 12th term of the progression

1
64:16:4:1:— ...
1\ 481 1
12th term =64 _) —_— Ans.
™ (4 41 1565536

168. We will now proceed to determine the sum of n
terms of the progression

e:bic:d:exsfi...:8:k:1;

1 denoting the nth term.
We have the equations (Art. 167),

b=aq, c-_-bq, d=cq, e=dq, o« e k:iq, l=kq;

and by adding them all together, member to member, we
deduce

’

Sum of 1st members. Sum of 2nd members.
b+ctd+et . . . +Eh+i=(a+dtectd+ . . . +ith)g;

in which we see that the first member wants the first term
a, and the polynomial within the parenthesis in the second
member wants the last term .. Hence, if we call the sum
of the terms S, we have

S—a=(S—-1l)¢g=8¢—1lg, or Sg—S=lg—a;

whence S=—"—rx,
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Therefore, to obtain the sum of the terms of a geometrical
progression, we have the following

RULE.

1. Multiply the last term by the ratio.
I1. Subtract the first term from the product.

I11. Divide the remainder by the ratio diminished by unity,
and the quotient will be the sum of the series.

1. Find the sum of eight terms of the progression
2:6:18:54:162...2x3"=4374.

lg—a 131222

= =1 = 3 =6560.

2. Find the sum of the progression
2:4:8:16: 32.

lg—a 64—2

p T =62.

S=

3. Find the sum of ten terms of the progression

2:6:18:54:162 .. 2x39=39366.
Ans. 59048.

4. What debt may be discharged in a year, or twelve
months, by paying $1 the first month, $2 the second month,

" Quest.—168. Give the rule for finding the sum of the series. What
is the first step? What the second? What the third ?
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$4 the third month, and so on, each succeeding payment
being double the last; and what will be the last payment ?
ns. { Debt, . . $4095.
Last payment, $2048.
5. A gentleman married his daughter on New Year’s day,
and gave her husband 1s. towards her portion, and was to
double it on the first day of every month during the year:
what was her portion ? Ans. £204 15s.
6. A man bought 10 bushels of wheat on the condition
that he should pay 1 cent for the 1st bushel, 3 for the second,
9 for the third, and so on to the last: what did he pay for
the last bushel and for the ten bushels ?
Ans. { Last bushel, $196,83.
Total cost, $295,24.
7. A man plants 4 bushels of barley, which, at the first
harvest, produced 32 bushels ; these he also plants, which,
in like manner, produce 8 fold ; he again plants all his crop,
and again gets 8 fold, and so on for 16 years: what is his
last crop, and what the sum of the series ?
Ans. { Last, 140737488355328bu.
Sum, 160842843834660.

169 Whep the progression is decreasing, we have
¢<1 and I<a; the above formula

L el
. q_l
for the sum is then written under the form
a—lg
S= T

in order that the two terms of the fraction may be positive.

QuesT.—163. What is the formula for the sum of the series of a
decreasing progression !
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1. Find the sum of the terms of the progression
32:16:8:4:2.

1
. a_lq _ n-2x5 31 .
1—¢ 1 L

2 2

2. Find the sum of the first twelve terms of the progression
-

64:16:4:1;%:...:64(%)11, or

65536
1 1 1
g9l 64_65536"2_256 65536 _,, 65535
=1 3 3 196608
7

Reuar—170. We perceive that the principal diffi-
culty consists in obtaining the numerical value of the last
term, a tedious operation, even when the number of terms
is not very great.

3. Find the sum of 6 terms of the progression
512 : 128 : 32

Ans. 682}.

4. Find the sum of seven terms of the progression

2187 : 729 : 243 . ..
Ans. 3279.

5. Find the sum of six terms of the progression"

972 : 324 : 108 . . .
Ans. 1456.

6. Find the sum of 8 terms of the progression

147456 : 36864 : 9216 . ...
Ans. 196605.




GEOMETRICAL PROGRESSION. 249

Of Progressions having an infinite number of terms

171. Let there be the decreasing progression
) a:b~:c:d:e:f:
containing an indefinite number of terms. In the formula
_a—l
==
substitute for  its value ag"~! (Art. 167), and we have

which represents the sum of n terms of the progrelslon.
This may be put under the form

a n
S=———
l—g¢ 1-—¢
Now, since the progression is decreasing, ¢ is a proper
fraction ; and ¢" is also a fraction, which diminishes as n
increases. Therefore, the greater the number of terms we

take, the more will —l-i—qxg" diminish, and consequent-

ly the more will the partial sum of these terms approximate
to an equality with the first part of S, that is, to

1—¢
Finally, when » is taken greater than any given number, or

p=infinity, then l—aq-xq" will be less than any given
number, or will become equal to 0 ; and the expression IL—q
* will represent the true value of the sum of all the terms of
the series. Whence we may conclude, that the expression
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for the sum of the terms of a decreasing progression, in which -
the number of terms is infinite, is
a
8= T—¢
. That is, equal to the first term divided by 1 minus the ratio.
This is, properly speaking, the limit to which the partial
sums approach, by taking a greater number of terms in the
progression. The difference between these sums and

-I—G; can become as small as we please, and will only

become nothing when the number of terms taken is infinite.

EXAMPLES.

1. Find the sum of
1 :-;—:i:-l—:L.tpinﬁnity.
‘We have for the expression of the sum of the terms

.a 1 3
S—i—_—i—*—-—l—_—z—. Ans.

1——

The error committed by taking this expression for the
value of the sum of the n first terms, is expressed by

a 3,1\
T x¢=5(3)-
First take n=>5; it becomes

1(1)5_ 11_ 1
2\3/ 7 2.3 162

-

QuzsT.—165. When the progression is decreasing and the number of
hrmninﬁn@te.whaththevdueofthemmof&e series ?
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When n=6, we find
e}
162 486
Whence we see that the error committed, when -g' is

taken for the sum of a certain number of terms, is less in
proportion as this number is greater.
* 2. Again take the progression

1 1 1 1 1

- l: —:—:t—:->:—:&c. ...

2 4 8 16 32

We have S=———=———=2. Ans.

. 3. What is the sum of the progression

11 1 1 .
L7e Too® 1000 Toooo e to infinity.

172. In the several questions of geometrical progres~
sion there are five numbers to be considered :

1st. The first term, e e e
2nd. The ratio, . . . e e e
3rd. The number of terms,

4th. The last term, -

5th. The sum of the terms, .

.

Il I

" Quest.—166. How many numbers are considered in geometrical pro-
gression? What are they?



